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1 Introduction

Probabilistic and average-case analysis can give useful insight into the question
of what algorithms for testing satisfiability might be effective and why. Under
certain circumstances, one or more structural properties shared by each of a
family or class of expressions may be exploited to solve such expressions ef-
ficiently; or structural properties might force a class of algorithms to require
superpolynomial time. Such properties may be identified and then, using prob-
abilistic analysis, one may argue that these properties are so common that the
performance of an algorithm or class of algorithms can be predicted for most of
a class of expressions. Perhaps most important, sometimes an analysis provides
the intutition needed to suggest improved algorithms.

A classic example is the work on resolution for random (n, m, k)-CNF ex-
pressions. By a random (n, m, k)-CNF expression we mean a CNF expression of
m clauses, each chosen uniformly at random and with replacement from among
the set of 2k

(

n
k

)

elementary disjunctions of k literals on a set of n Boolean vari-
ables and their complements. Simple variants of the well known Davis-Putnam-
Logemann-Loveland algorithm (DPLL) [32] which never reassign a value to a
variable once it is set can solve large random (n, m, k)-CNF expressions with
probability tending to 1 if they are generated with m/n < ck2k/k, where ck is
a constant plus a term of complexity o(k). Since variables are assigned at most
one time, those variants run in polynomial time. The probabilistic analyses lead-
ing to these results help explain what is actually happening as the algorithms
operate, and actually suggest improvements to those algorithms. This has led to
remarkable progress in understanding this class of algorithms [63]. The prospect
of further progress along these lines is reasonably good.
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On the other hand, resolution is remarkably poor in trying to prove that
no solution exists on random (n, m, k)-CNF expressions which have no solu-
tion. In particular, the probability that the length of a shortest resolution proof
is bounded by a polynomial in n when m/n > c′k2k, c′k some constant, and
limm,n→∞ m/n = O(1) tends to 0 [24, 13]. Again, the analysis illuminates the
reason. But, if the number of clauses in a random (n, m, k)-CNF expression is
great enough, that expression can, with high probability, efficiently be shown
to have no solution. For example, if m/n = Θ(nk−1), the probability that there
exist 2k clauses containing the same variables spanning all different literal com-
plementation patterns tends to 1 and since such a pattern can be identified in
polynomial time and certifies there is no solution, random expressions can be
proven not to have a solution with probability tending to 1 in this case. Consid-
erable investigation of resolution proof size to find the relationship between m
and n that defines the crossover from hard to easy expressions, although bril-
liant, has not progressed considerably. The best bound on the crossover is not
much different from m/n = Θ(nk−1) [12]. This lack of success has motivated
consideration of alternatives to resolution. One such alternative is to cast SAT
as a Hitting Set problem and sum the number of variables that are forced to
be set to 1 and the number that are forced to be set to 0; if this sum can be
shown to be greater than n in polynomial time, a “short” proof of unsatisfia-
bility follows. This idea has been applied to random (n, m, k)-CNF expressions
and yields a hard-easy crossover no worse than m = nk/2+o(1), a considerable
improvement over resolution results [52]. This is an example of how probabilistic
analysis has driven the search for improved, alternative algorithms.

But it has been difficult for some to take probabilistic results seriously. The
main drawbacks of relying on random (n, m, k)-CNF results for practical prob-
lems are: 1) some distribution of input expressions must be assumed and a
chosen distribution may not represent reality very well; 2) results are usually
sensitive to the choice of distribution; 3) the state of analytical tools is such
that distributions yielding to analysis are typically symmetric with independent
components; 4) few algorithms have yielded to analysis.

Despite these drawbacks, probabilistic results can be a useful supplement to
worst-case results, which can be overly pessimistic for NP-complete problems, in
understanding algorithmic behavior. One reason for this is that CNF expressions
which are presented to a SAT solver are typically translated from another logic
form which may even be a binarization of integer variable expressions. Such
translations tend to smear or garble original domain-specific structural rela-
tionships and make the resulting CNF translation look somewhat like a random
expression. We have noticed this happen on some problems related to circuit
verification, for example, which are very difficult for advanced SAT solvers such
as Chaff.

Hence, in order to better understand the nature of expressions that are hard
for current SAT solvers, it seems reasonable to study the relationship between
hardness and random expressions. There has been much work on this subject in
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recent years (see, for example, [1] and [40] for a bibliography), most focusing on
random (n, m, k)-CNF expressions. As m and n tend to infinity with limiting
ratio m/n → α, probabilistic analysis and experimental results have provided
evidence for the existence of a phase transition at some α = rk. That is, when
in the limit m/n < rk, the probability that a random (n, m, k)-CNF expression
is satisfiable tends to 1 and when m/n > rk that probability tends to 0. Results
show, for each fixed k, there is a sharp threshold [47], with associated critical
ratio rk ≥ 2k−2/k [23] (it is known that limk→∞ rk → c·2k, c constant [4, 5], but
the result of those papers is not close to the actual threshold when k is around
3). It has also been observed that random expressions become harder for SAT
solvers when generated with values of m and n where the ratio m/n is close to
rk and easier when m/n is distant from rk: the more distant being easier.

These results and observations have suggested a relationship between hard-
ness and threshold. Further investigation has identified long “backbones,” or
chains of inferences, to be a good candidate for the underlying cause of the
sharp thresholds and poor algorithm performance near the thresholds since it
appears to be the high density of well-separated “almost solutions” induced
by the backbones that lead to thrashing in search algorithms [22]. In [77] and
other articles it has been suggested that there is a strong connection between
the “order” of threshold sharpness, that is whether the transition is smooth or
discontinuous, and hardness.

Recent advances [28, 30] have revealed the importance of minimal mono-
tonic structures to the existence of sharp transitions. Those results have been
used, for example, to show how limited most succinctly defined polynomial-time
classes of SAT are. Notable examples of such classes are Horn [33, 58], rename-
able Horn [73], q-Horn [16, 15], extended Horn [18], SLUR [89], balanced [25],
and matched [46], to name a few. These classes have been studied partly in the
belief that they will yield some distinction between hard and easy problems. For
example, in [16] a satisfiability index is presented such that a class with index
greater than 1 + ǫ, for any positive constant ǫ, is NP-complete but the q-Horn
class has satisfiability index 1. Thus, it seems that q-Horn is situated right at
the point delineating hard and easy satisfiability problems. This hypothesis has
been tested somewhat using m/n as a scale for determining the boundaries,
in a probabilistic sense, of q-Horn and other classes: it has been found that
a random (n, m, k)-CNF expression is q-Horn with probability tending to 0 if
m/n > 2/k(k−1) and that the probability that a random (n, m, k)-CNF expres-
sion is q-Horn is bounded away from 0 if m/n < 1/k(k− 1) [46]. Similar results
have been obtained for other polynomial-time solvable classes. They illuminate
the fact that most instances of such classes are satisfiable since their extent on
the m/n scale is far below the rk satisfiability threshold. Since their boundaries,
in a probabilistic sense, are so distant from the threshold, all the polynomial-
time classes mentioned above may be considered extremely easy, especially when
compared to the good probabilistic performance shown for polynomial-time in-
complete algorithms in the range m/n < ck · 2k/k [23].
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But the limitations of these classes seem to be related to thresholds. Except
for the matched class, the classes above, including q-Horn, are “vulnerable”
to cyclic clause structures, any one of which prevents an expression containing
such a structure from being a member of the class. These structures have the
recently discovered minimality and monotonic properties which are necessary
for sharp thresholds and are defined in [28]. So, it seems to find challenging
polynomial-time solvable classes it is advisable to look for classes which are
not so vulnerable: that is, those for which expressions cannot be excluded by
adding certain minimal monotonic structural components. This is a case where
probabilistic tools might prove useful in the development of broad succinctly
definable polynomial-time SAT classes.

Hopefully, at this point the reader is convinced that probabilistic analysis
can be an important tool in understanding and coping with SAT expressions.
In what follows we review some notable probabilistic results, the mathematical
tools they are based on, and suggest how these results add to our intuition about
SAT.

2 CNF Expressions

All results in this chapter apply to Boolean expressions in Conjunctive Normal
Form (CNF). Important elements of CNF expressions as well as the definition
of CNF expressions are presented here for completeness.

Let v be a Boolean variable (in what follows we use variable to mean Boolean
variable). Then v can be assigned a value from {0, 1}. A positive literal is a
variable. A negative literal is the complement of a variable: that is, it takes value
1 if and only if its corresponding variable takes value 0. We use the symbol ¯ to
represent the operation of complementing a literal: that is, if l is a literal, then
l̄ is its complement. Thus, if v is a positive literal, its complement is denoted by
v̄ and if v̄ is a negative literal its complement is ¯̄v which is also v. Whether a
literal is complemented or not is referred to as its polarity.

A clause is a disjunction of literals and evaluates to 1 if and only if one of
its literals has value 1. In this chapter we represent a clause as a set of literals.
The width of a clause is the number of literals it contains. A clause of width 1
is called a unit clause.

A CNF expression is a set of clauses. An expression evaluates to 1 if and only
if all its clauses evaluate to 1. We use C to represent a clause, φ to represent a
CNF expression, and V to represent the set of variables existing in φ as positive
or negative literals. If ∃C ∈ φ : l ∈ C and ∀C ∈ φ, l̄ /∈ C then l is called a pure
literal. An assignment of values to V is called a truth assignment or assignment.
If T is an assignment, the notation φ(T ) is used to mean the value of φ under T .
If there exists an assignment M such that φ(M) = 1, then M is called a model
for φ and φ is said to have a solution. In this chapter we represent a model M
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as a set of variables: the value of all variables in M is considered to be 1 and
the value of all other variables is considered to be 0.

We use the term k-CNF to mean any of a family of CNF expressions all of
whose clauses have width k. It is well known that 2-CNF expressions are solved
in polynomial time [38]. Therefore, we will only be interested in generating
k-CNF expressions where k ≥ 3.

Several generators of CNF expressions have been studied but one has with-
stood the test of time and has received much more attention than the rest.
Because of this, we focus attention on that generator in this chapter. This gen-
erator (from [45]) has three parameters, n, m, and k. An expression returned by
this generator contains m clauses generated uniformly, independently, and with
replacement from the set of all elementary disjunctions of k literals on a set of
n Boolean variables and their complements. Such an expression is referred to as
a random (n, m, k)-CNF expression.

3 Basic Tools of Analysis

In this section we discuss some basic probabilistic tools which are commonly
applied to Satisfiability algorithms.

3.1 First moment method

The first moment method is used to provide an upper bound on the probability
that a specified property P holds on a class of random structures. Let X be a
positive real-valued random variable. Then

Pr(X ≥ 1) =

∫ ∞

t=1

pX(t)dt ≤
∫ ∞

t=1

tpX(t)dt ≤ E{X}

where we have used pX to denote the distribution density function of X and
E{X} to denote the mean of X . The above is known as Markov’s inequality. It
says the mean of X is an upper bound on the probability that X takes value
at least 1. Suppose X takes value at least 1 if and only if a random structure
has property P and takes value 0 otherwise. Then the mean is an upper bound
on the probability that a random structure has property P . The bound will be
useful if the mean is small.

For example, let P be the property that there exists a model for a random
(n, m, k)-CNF expression φ and suppose we wish to find the probability that P
holds in φ. Define X to be the number of models for φ. The probability that P
holds is identical to the probability that X ≥ 1. By Markov’s inequality, this is
bounded by E{X}. Index all possible assignments of variables to values (there
are 2n such assignments). Define indicator random variables I1, ..., I2n such that
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Ii has value 1 if and only if the ith assignment is a model for φ and has value 0
otherwise. For all i, the probability that Ii = 1 is (1− 2−k)m since (1− 2−k) is
the probability that a clause has value 1 under the ith assignment and clauses
are constructed uniformly, independently, and with replacement. Then, since
X = I1 + ... + I2n ,

E{X} =

2n

∑

i=1

E{Ii} =

2n

∑

i=1

Pr(Ii = 1) = 2n(1− 2−k)m.

Thus, the probability that P holds is bounded from above by 2n(1 − 2−k)m.
This bound is quite useful if

m/n > − ln(2)/ ln(1 − 2−k) (1)

for then limn,m→∞(2(1 − 2−k)m/n)n → 0, and by the first moment method, a
random (n, m, 3)-CNF expression has no model with probability tending to 1
(with increasing m and n) if m/n > 5.19.

3.2 Second moment method

The second moment method is used to prove that a specified property P holds
on a class of random structures with high probability as the size parameter
of the class tends to ∞. It is applied here in two major ways: to determine
bounds, in probability, on the running time of a proposed algorithm for finding
a model; and to determine a bound on the probability that a random expression
is a member of a particular class of expressions and therefore exhibits certain
properties which may be exploited by an algorithm for finding a model.

For a given random structure (in our case, a random (n, m, k)-CNF expres-
sion φ), a witness w is a substructure (in our case, a witness may be a set of
clauses, w ⊆ φ) whose presence implies that the structure has property P . Let
W be the set of all possible witnesses for the class. The idea is to prove the
probability that a randomly chosen structure fails to contain any witness tends
to zero with increasing size parameter.

Let w also represent the event that w ⊆ φ: which meaning is intended will
be clear from context. Usually the set of witnesses W is chosen so its elements
are symmetric: i.e., for any pair w, z ∈ W , there is an automorphism of the
probability space that maps w to z. We shall assume this is the case. Thus
p = Pr(w) is independent of w. Let Iw be the indicator random variable that
has value 1 if event w occurs and 0 otherwise. Then,

E{Iw} = p and var(Iw) = E{(Iw − p)2} = p(1− p).

Define the random variable X =
∑

w∈W Iw, and let µ = E{X} = |W |p and
σ2 = var(X). A special case of the Chebyshev inequality states that

Pr(X = 0) ≤ σ2

µ2
. (2)
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Thus it suffices to show that this ratio tends to zero as the size parameter
increases (in our case, as n→∞).

If the events w are independent, then σ2 = |W |p(1 − p) = O(µ), and it
becomes sufficient to show that µ→∞ as n→∞. But the events w are usually
not independent. In that case the crucial aspect of the second moment method
is to show that, although the events w are not independent, the dependencies
are weak enough that σ2 = o(µ2).

To analyze σ2 in the case of random (n, m, k)-CNF expressions, we introduce
the following notation:

A(w) is the set of witnesses having some clause in common with w, other than
w itself;

We can now state a basic lemma of the second moment method.

Lemma 1 (Alon and Spencer [10, Ch. 4.3, Cor. 3.5]) If:

1. the elements of W are symmetric,

2. µ→∞ as n→∞,

3.
∑

z∈A(w)

Pr(z|w) = o(µ) for an arbitrary w ∈W ,

then Pr(P )→ 1 as n→∞. �

Observe that bending the definition of “witness” slightly to mean a model
for φ1 and correspondingly letting X be the number of models for φ, as before,
one obtains σ2 = (m2/n)O(µ2) [19]. Since an “interesting” lower bound is no
less than m/n = 1 from Page 24, the second moment method cannot be applied
to obtain a meaningful lower bound on the probability that a random expression
has a model when X is the number of models. However, recent work, presented
in Section 6.3, shows how to achieve a very good bound using the second moment
method.

3.3 Markovian analysis and approximation by differential
equations

Probabilistic analysis was originally applied to search algorithms, most notably
variants of DPLL which is shown in Figure 1, to gain intuition about how an

1A model is merely a collection of unit clauses encompassing literals associated with all
variables and a disjunction of all such representations of models can be added to φ without
changing it. The resulting expression can easily be translated to a CNF expression.
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effective search heuristic should be designed. More recently, it has been used to
determine lower bounds on the satisfiability threshold of random (n, m, k)-CNF
expressions. The variants that we would like to analyze are completely determin-
istic, their heuristic variable setting choices depending only on the reduced CNF
expression implied by the current assignment of values to variables. Moreover,
the search process induced by any of the variants jumps between states, where
each state represents a reduced CNF expression and the partial assignment of
values that causes it2. Thus, a search process may be modeled as a Markovian
process.

Given DPLL with some search heuristic, if one can calculate the probability
that terminal states representing models are reached, then one can determine
the probability that a random (n, m, k)-CNF expression has a model or even the
probability that a model will be found in some given number of jumps. Currently,
this task is too ambitious due to the large number of states in question. Hence,
analysis is typically applied to some other, simpler algorithm for which the
states of the corresponding search space are a tiny subset of the states of the
search space for DPLL: if the probability that a model is found by the simpler
algorithm tends to 1 (or even is bounded by a constant in case we are looking
for thresholds - see below) then the probability that DPLL finds a model also
tends to 1.

Whereas DPLL may unassign and reassign values to a variable many times,
the algorithms which have best yielded to analysis on random (n, m, k)-CNF
expressions iteratively choose a variable, assign a value to it, then never change
that value up to termination of the algorithm. We will call this class of algo-
rithms straight line algorithms. All straight line algorithms are incomplete: that
is, they may terminate without providing an answer. Although the number of
states is reduced for straight line algorithms, the greatest reduction in the state
space comes from coalescing into one state all states which have some attributes
in common: for example, the clause counts of every possible clause width from
1 up to k, and the count of assigned variables. This particular coalescence is
quite important and below we refer to it as the spectral coalescence of states.

Now the state space is small enough to work with but calculating state
probabilities is trickier because, for a given search algorithm, the distribution of
expressions at each coalesced state may depend on how that state was reached.
Showing that such dependence does not exist, or is so weak that the results are
not affected by it, is a crucial part of the probabilistic analysis of search algo-
rithms. This requirement limits the type of algorithms that may be considered3.
A general search algorithm typically introduces strong dependencies when reas-
signing values to variables. The dependence problem can be controlled to some

2The reduced expression is the original expression minus the clauses containing at least
one literal which has value 1 in the partial assignment and minus literals which have value
0 in the partial assignment. In Figure 1 the lines φd+1 ← {c − {v̄} : c ∈ φd, v /∈ c} create
reduced expressions.

3Observe that the expression generator also has an effect on state dependence so we are
also limited in the types of generators chosen for analysis.
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Procedure DPLL (φ)
Input: a CNF expression φ.
Output: either “unsatisfiable” or a model for φ.

begin
d := 0;
Md := ∅;
φd := φ;
VP := ∅.
repeat the following until some statement outputs a value {

if φd = ∅ then return Md; // Md is a model for φ
if ∅ ∈ φd then { // Md falsifies a clause

repeat the following until encountering a v that is “tagged” {
if VP = ∅ then return “unsatisfiable”;
pop v ← VP ;
d := d− 1;

}
push VP ← v̄;
untag v;
if v is a complemented literal then Md+1 := Md ∪ {v̄};
φd+1 := {C − {v̄} : C ∈ φd, v /∈ C};
d := d + 1;

} else {
if there exists a pure literal in φd then

choose a pure literal v;
else if there is a unit clause in φd then

choose a literal v in a unit clause and “tag” v;
else

choose a literal v in φd and “tag” v;
push VP ← v;
if v is an uncomplemented literal then Md+1 := Md ∪ {v};
φd+1 := {C − {v̄} : C ∈ φd, v /∈ C};
d := d + 1;

}
}

end;

Figure 1: DPLL algorithm for CNF expressions. If Md is output, a model for φ
has been found, otherwise no model exists for φ.

9



extent by straight line algorithms and this is why this class of algorithms is so
widely considered.

Myopic algorithms

Most performance results on random (n, m, k)-CNF expressions have been
obtained for myopic algorithms. A straight line algorithm is called myopic [3]
if, under the spectral coalescence of states, the distribution of expressions cor-
responding to a particular coalesced state can be expressed by its spectral com-
ponents alone: that is, by the number of clauses of width i, for all 1 ≤ i ≤ k,
and the number of assigned variables. Thus, given random (n, m, k)-CNF ex-
pressions, the distribution of expressions for the coalesced “start” state is de-
termined by the distribution of such expressions; and the distribution for the
coalesced state corresponding to j assigned variables and m1, m2, ..., mk clauses
of width 1, 2, ..., k is that of random (m1, n− j, 1)-CNF, (m2, n− j, 2)-CNF,...,
(mk, n− j, k)-CNF expressions, respectively for each clause width.

To determine whether an algorithm is myopic it is sufficient to show that no
information about remaining clauses and literals, other than number, is revealed
after assigning a value to a variable and eliminating clauses satisfied and literals
falsified by that value. This is the case if variables are chosen at random and
assigned values at random. In Section 6.1 more illuminating examples are given.

But some choices of variables will prevent an algorithm from being myopic.
For example, if a pure literal is always chosen when one exists among remaining
clauses we will not have a myopic algorithm because the distribution of number
of occurrences in clauses depends on whether a pure literal is chosen or not.
To see this consider the set of expressions containing 6 variables and 4 clauses,
each of width 3. Label the variables v1, v2, ..., v6. For each expression D let
pD(e1, e2, e3) be the probability that v4,v5, or v6 is chosen first and the new
expression resulting from the elimination of clauses (no literals are falsified since
the chosen variable is a pure literal) is {{v1, v2, v3}, {〈e1, v1〉, 〈e2, v2〉, 〈e3, v3〉}, ∗}
where 〈e, v〉 means variable v occurs as an uncomplemented literal if e = 1 and
as a complemented literal if e = 0, and ∗ means arbitrary. Let σ(e1, e2, e3) =
∑

|D|≡4 pD(e1, e2, e3). Obviously, σ(e1, e2, e3) should be independent of e1, e2, e3

if choosing pure literals is myopic. More specifically, σ(1, 1, 1) and σ(0, 0, 0)
should be equal. But, since v1,v2, nor v3 can be pure in the latter case but
cannot be pure in the former case, this requires that the pure literal selection
heuristic would have to ignore v1, v2, and v3 and pick only from v4, v5, or v6.
Reversing the roles of v1, v2, v3 and v4, v5, v6, the pure literal selection heuristic
would have to ignore v4, v5, and v6. Then no literals can be chosen! Thus, any
form of the pure literal heuristic4 cannot be myopic. Another way to choose
literals which leads to non-myopic algorithms is via the well known “Johnson
heuristic” where clauses are weighted by the number of literals they contain

4For example, if some weighting scheme is applied to the set of pure literals existing in an
expression. For more details on this see [87]
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and a literal is given a weight which is the sum of the weights of the clauses
containing it.

In Section 6.1 some examples of myopic algorithms are discussed. What
they have in common is that choosing variables can be based on the number
of occurrences of literals in remaining clauses but ties must be broken randomly.

Differential equations to approximate discrete processes

The idea of using differential equations to approximate discrete random pro-
cesses goes back at least to [72] and its application to the analysis of algorithms
goes back to [66]. Given an initial system of m k literal clauses taken from a set
of n variables, the process we will approximate is the movement of clauses out of
the system as they become satisfied and the movement of i literal clauses down
to i− 1 literal clauses as literals are falsified during iterations of a straight line
algorithm. To this end let mi(j) be the number of clauses containing i literals
at the start of the jth iteration of a straight line algorithm. Initially, mk(1) = m
and mi(1) = 0 for 0 < i < k. Observe a coalesced state is represented as the
vector 〈j, m1(j), m2(j), ..., mk(j)〉.

The following theorem from [1] (based on Theorem 2 of [97]) is used to
approximate clause flows by differential equations. Hypothesis (i) ensures that
mi(j) does not change too quickly from iteration to iteration of an algorithm;
hypothesis (ii) tells us what we expect the rate of change of mi(j) to be and
involves functions which are calculated from a knowledge of what the algorithm
is doing; and hypothesis (iii) ensures that this rate of change does not change
too quickly. For a random variable X , it is said X = o(f(n)) always if max{x :
Pr(X = x) 6= 0} = o(f(n)). The term “uniformly” refers to the convergence
implicit in the o(.) terms. By function f(u1, ..., uk) satisfies a Lipschitz condition

on D ⊆ Rj

it is meant there exists a constant L > 0 such that |f(u1, ..., uj)−
f(v1, ..., vj)| ≤ L

∑j
i=1 |ui − vi| for all (u1, ..., uj) and (v1, ..., vj) in D.

Theorem 2 Let mi(j) be a sequence of real-valued random variables, 0 < i ≤ k
for some fixed k, such that for all i, all j, and all n, |mi(j)| ≤ Bn for some
constant B. Let H(j) = 〈〈m1(1), ..., mk(1)〉, ..., 〈m1(j), ..., mk(j)〉〉 be the state
history of sequences.

Let I = {〈c1, ..., ck〉 : Pr(〈m1(1), ..., mk(1)〉 = 〈c1n, ..., ckn〉) 6= 0 for some n}.
Let D be some bounded connected open set containing the intersection of
{〈s, c1, ..., ck〉 : s ≥ 0} with a neighborhood of {〈0, c1, ..., ck〉 : 〈c1, ..., ck〉 ∈ I}.
Let fi :Rk+1 7→ R, 0 < i ≤ k, and suppose that for some function m = m(n)

(i) for all i and uniformly over all j < m

Pr(|mi(j + 1)−mi(j)| > n1/5|H(j)) = o(n−3) always;
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(ii) for all i and uniformly over all j < m

E{mi(j+1)−mi(j)|H(j)} = fi(j/n, m1(j)/n, ..., mk(j)/n)+o(1) always;

(iii) for each i, the function fi is continuous and satisfies a Lipschitz condition
on D.

Then

(a) for 〈0, ẑ(1), ..., ẑ(k)〉 ∈ D the system of differential equations

dzi

ds
= fi(s, z1, ..., zk), 0 < i ≤ k

has a unique solution in D for zi :R 7→ R passing through zi(0) = ẑ(i),
0 < i ≤ k, and which extends to points arbitrarily close to the boundary of
D;

(b) almost surely,
mi(j) = zi(j/n) · n + o(n),

uniformly for 0 ≤ j ≤ min{σn, m} and for each i, where zi(j) is the
solution in (a) with ẑ(i) = mi(j)/n, and σ = σ(n) is the supremum of
those s to which the solution can be extended.

�

How to use the solution to the differential equations

Theorem 2 is useful particularly because the differential equations are de-
veloped using expectations of clause counts and flows which in many cases are
relatively easy to compute. Moreover, these expectations in the discrete world
are translated to actual flow and count values in the solution to corresponding
differential equations. Thus, the solution found in Theorem 2(b) for m2(j), say,
does not deviate significantly from E{m2(j)} asymptotically. This is significant
because in that case the function m2(j) is often enough to predict where a
unit-clause-based algorithm will be successful probabilistically, in some sense.

Theorem 3 (from [1]) Let A be a myopic algorithm that always chooses to
satisfy a unit clause, when one exists among non-satisfied clauses. Let Uj be the
event that on iteration j of A there are no empty or unit clauses existing among
remaining non-satisfied clauses. Suppose

m2(j) < (1− δ)(n− j)

for all 1 ≤ j < (1− ǫ)n, 0 < ǫ and 0 < δ fixed, almost always. Then, there exists
ρ = ρ(δ, ǫ), ρ > 0, such that Pr(U(1−ǫ)n) > ρ. �
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Theorem 3 can be applied directly to the result of Theorem 2(b) but there
are two mysteries that need some clarification first. For one thing, Theorem 3
only applies to j < (1 − ǫ)n. This problem is disposed of on an ad-hoc basis.
For example, in Section 6.1, page 34 the following is obtained for a particular
myopic algorithm:

mi(j) =
1

2k−i

(

k

i

)(

1− j

n

)i(
j

n

)k−i

m.

Then, using the binomial theorem,

k
∑

i=2

mi(j) =

(

(

1− j

2n

)k

−
(

j

2n

)k

− k

(

1− j

n

)(

j

2n

)k−1
)

m. (3)

Let m/n = 1/λ and suppose λ < 15 and 1/2k < λ6. Set ǫ = λ/
(

k
2

)

. After substi-
tuting 1−ǫ for j/n on the right side of (3), expanding terms, and collecting pow-
ers of ǫ, it can be seen that (3) is bounded from above by 8

(

k
2

)

(λ/
(

k
2

)

)2m/2k =

8λn/2k
(

k
2

)

= (8/2k)ǫn ≤ ǫn. In other words, the number of width 2 and greater
clauses remaining when j = (1−ǫ)n is no greater than the number of unset vari-
ables, with high probability. By Theorem 3 there are no unit clauses or empty
clauses remaining with bounded probability. But, assuming the algorithm is
myopic and inputs are random (n, m, k)-CNF expressions, one may randomly
remove all but two literals from each clause resulting in a random (n, m, 2)-CNF
expression. Such an expression is satisfiable with high probability and can be
taken care of trivially.

The second mystery concerns the bound ρ which is only guaranteed to be
a constant and may not be close to 1. In the case where the analysis is used
to determine a bound on the probability of the existence of a model, finding a
constant bound is all that is needed to prove the probability tends to 1. This is
discussed in Section 3.5.

3.4 Sharp thresholds, minimality, and monotonicity

Let X = {x1, ..., xne
} be a set of ne elements. Let AX , a subset of the power

set of X (denoted 2X), be called a property. Call AX a monotone property if
for any s ∈ AX , if s ⊂ s′, then s′ ∈ AX . Typically, AX follows from a high-
level description. For example, let X = Ck,n be the set of all non-tautological,
width k clauses that can be constructed from n variables. Thus ne = 2k

(

n
k

)

and any s ∈ 2Ck,n is a k-CNF expression. Let UNSAT Ck,n
be the property that

a k-CNF expression constructed from n variables has no model. That is, any

5The case λ > 1 is not interesting in this context since the simple minded strategy of
randomly removing all but two literals from every clause and applying a 2-CNF algorithm to
the result succeeds with high probability in that case.

6Straight line algorithms for finding models will do poorly if 1/2k ≥ λ since almost all
expressions have no models in that case.
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s ∈ UNSAT Ck,n
has no model and any s ∈ 2Ck,n \ UNSAT Ck,n

has a model. If
s ∈ UNSAT Ck,n

and c ∈ Ck,n such that c /∈ s, then s ∪ {c} ∈ UNSAT Ck,n
so

the property UNSAT Ck,n
is monotone.

An element s ∈ AX is said to be minimal if for all s′ ⊂ s, s′ ∈ 2X \AX . For
any 0 ≤ p ≤ 1 and any monotone property AX ⊂ 2X define

µp(AX) =
∑

s∈AX

p|s|(1− p)ne−|s|

to be the probability that a random set has the monotone property. For the
property UNSAT Ck,n

(among others), s is a set of clauses, hence this probability
measure does not match that for what we call random k-CNF expressions but
comes very close with p = m/(2k

(

n
k

)

) ≈ m · k!/(2n)k.

Observe that µp(AX) is an increasing function of p. Let pc(X) denote that
value of p for which µp(AX) = c. If for any small, positive ǫ, lim|X|→∞(p1−ǫ(X)−
pǫ(X))/p1/2(X) = 0 then AX is said to have a sharp threshold. If
lim|X|→∞(p1−ǫ(X) − pǫ(X))/p1/2(X) > 0 then AX is said to have a coarse
threshold. The following criteria for sharp thresholds is found in [29] and is
developed from [47].

Theorem 4 Let AX be a monotone property such that lim|X|→∞ p1/2(X)→ 0.
If the following two conditions are satisfied, then AX has a sharp threshold.

1. For all 0 < c < 1 and for all positive integers λ,

lim
|X|→∞

µpc(X)(s
′ ⊆ s, s′ is minimal for AX , and |s′| ≤ λ)→ 0.

2. For all 0 < c < 1, for all positive integers λ, and for all s∗ ∈ 2X \AX with
|s∗| = λ,

lim
|X|→∞

µpc(X)(s ∈ AX , s \ s∗ ∈ 2X \AX |s∗ ⊆ s)→ 0.

�

The first condition of Theorem 4 says that elements of AX of bounded size have
negligible probability of appearing. The second condition says the probability
that a given s is in AX is not affected much by conditioning on an element
of bounded size that is not in AX . But there are better conditions for sharp
thresholds when one is dealing with k-CNF. Let ACk,n

be a monotone property
on width k CNF expressions in the sense that if s is a set of clauses verifying
such a property then so does any set s′ of clauses containing s. Let E be a set
of values7.

7In some applications E = {0, 1}, in some E has more than two elements.
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Theorem 5 (adaptation from [30]) If the following three conditions are satis-
fied, then the monotone property ACk,n

has a sharp threshold.

1. For all 0 < c < 1, pc(Ck,n) = O(n1−k).

2. For all s minimal for ACk,n
, the number of variables of s is no greater

than (k − 1) · |s| − 1.

3. For all 0 < c < 1, for all t, for all (δ1, ..., δt) ∈ Et, and all γ > 0,

µpc(Ck,n)(s ∈ 2Ck,n \Aδ
Ck,n

, |Cδ
s | ≥ γ · nk−1)→ 0

where Aδ
Ck,n

denotes the property ACk,n
with the assignment v1 = δ1, ..., vt =

δt; and Cδ
s denotes the set of clauses C having at least one variable in

{v1, ..., vt} and is such that s ∪ C ∈ Aδ
Ck,n

.

�

Theorem 5 may be used in a variety of ways depending on the monotone prop-
erty ACk,n

. For example, the property that random (n, m, k)-CNF expressions
are members of some polynomial time solvable class can be shown to have a
sharp threshold for a number of polynomial time solvable classes. Two such
illustrations are given in [31] for the classes of hidden Horn and of q-Horn ex-
pressions8

3.5 Lifting constant probability bounds to almost surely
bounds

If a straight line algorithm is shown to find a model for a random expression with
constant probability for a range of densities, this implies a random expression
has a model, almost surely, for that range of densities. The appropriate theorem
is the following [47].

Theorem 6 Let pk(m, n) denote the probability that a random (n, m, k)-CNF
expression has a model. For every k ≥ 2 there exists a sequence rk(n) such that
for any 0 < ǫ,

lim
n→∞

pk((rk(n)− ǫ)n, n) = 1 and lim
n→∞

pk((rk(n) + ǫ)n, n) = 0.

�
8The monotone property ACk,n

has to do with the emergence of structures which cause an
expression not to be q-Horn or hidden Horn. See Section 4 for class definitions and Section 6.6
for some results and their meaning.
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Theorem 6 says for each k there is a sharp threshold rk(n) at some density for
every n such that a random expression almost surely has a model below the
threshold and almost surely does not have a model above it. It follows that
proving a model exists with probability bounded from below by a constant for
a range of densities is sufficient to imply that a model exists almost surely for
the same range of densities.

4 Some Efficiently Solvable Classes of CNF Ex-
pressions

All members of some easily identified, and in several cases well-known, classes
of CNF expressions can be solved efficiently. For these it is natural to ask how
often one encounters such an expression, whether expressions of a class can be
recognized efficiently, or whether they even need to be. Some of these classes are
incomparable meaning, for each of a pair of classes, there exists an expression
which is a member of one but not the other. Nevertherless, probabilistic analysis
can reveal some interesting properties of expressions in these classes such as:

1. What weakness does the class possess? That is, what critically distin-
guishes the class from more difficult classes?

2. Is one class much larger than another incomparable class?

In this section a few examples of polynomial time solvable classes are defined.
In Section 6.6 probabilistic results on these classes will be reviewed. We omit
discussion of a large number of polynomial time solvable classes such as 2-CNF,
extended Horn [18], simple extended Horn [92], CC-balanced expressions [25],
renameable Horn [73], and many others because we are interested here in how to
use probability to make some statement about the relative size of such classes.

Definition 7 A CNF expression is Horn if every clause it contains has at most
one uncomplemented literal. A CNF expression is hidden Horn if reversing the
polarity of the literals associated with some subset of variables (called a switch
set) causes it to be Horn. �

This class is widely studied, in part because of its close association with Logic
Programming. Namely, a Horn clause {v̄1, v̄2, . . . , v̄i, y} is equivalent to the rule
v1 ∧ v2 ∧ . . . ∧ vi → y or the implication v1 → v2 → . . . → vi → y (where
association is from right to left). However, the notion of causality is generally lost
when translating from rules to Horn sets. Horn sets can be solved in linear time
using unit resolution [33, 58, 91] (see algorithm UR, Figure 3). An important
property of Horn sets is that a model, if one exists, which is minimal in the
number of variables set to 1 is a unique minimum model with respect to 1
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(this is referred to as the minimal model below). This property has important
implications in, among other things, efficient algorithms for some other classes
of CNF expressions.

Definition 8 A CNF expression is a member of the class SLUR if, for all
possible sequences of selected variables v, the SLUR algorithm of Figure 2 does
not give up on that expression. �

This class was developed in [89] as a generalization of other classes including
Horn, extended Horn [18], simple extended Horn [92], and CC-balanced expres-
sions [25]. It is peculiar in that it is defined based on an algorithm rather than
on properties of expressions. The algorithm of Figure 2, called SLUR for Single
Lookahead Unit Resolution, selects variables sequentially and arbitrarily and
considers a one-level lookahead, under unit resolution, of both possible values
that the selected variable can take. Observe that due to the definition of this
class, the question of class recognition is avoided.

The origin of the class called q-Horn is [16, 15] but it is also a special case
of work considered in [94, 95]. Represent a CNF expression φ = {c1, c2, ..., cm}
as a (0,±1) matrix Aφ, columns indexed on variables, rows indexed on clauses,

and such that Aφ
i,j = 1 if literal vj ∈ ci, Aφ

i,j = −1 if literal v̄j ∈ ci and Aφ
i,j = 0

if vj /∈ ci and v̄j /∈ ci.

Definition 9 Suppose some of the columns of Aφ can be scaled by -1 and the
rows and columns permuted so that there is a partition of the resulting matrix
into quadrants

(

A1 | E
D | A2

)

where submatrix A1 has at most one +1 entry per row, submatrix D contains
only −1 or 0 entries, submatrix A2 has no more than two nonzero entries per
row, and E has only 0 entries. Then φ is q-Horn. �

Such a partition, if it exists, can be found in linear time. To solve a q-
Horn expression perform the partition, solve A1 (a Horn expression), cancel
rows in D and A2 which are satisfied by the minimal model for A1 (or return
“unsatisfiable” if there is no model), solve A2 less the canceled rows (a 2-CNF
expression) and return models for A1 and A2 (or “unsatisfiable” if A2 has no
model).

Expressions in the class q-Horn had been thought to be close to what might
be regarded as the largest easily definable class of polynomially solvable propo-
sitional expressions due to results in [16]. Let {v1, v2, ..., vn} be a set of variables,
and Pk and Nk, Pk ∩Nk = ∅, be subsets of {1, 2, ..., n} such that the kth clause
in φ is given by ∨i∈Pk

vi∨i∈Nk
v̄i. Construct the following system of inequalities:

∑

i∈Pk

αi +
∑

i∈Nk

(1− αi) ≤ Z, (k = 1, 2, ..., m), and (4)
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Procedure SLUR(φ):
Input: a CNF expression φ.
Output: a model M for φ, if one exists, or “unsatisfiable,” or “give up.”

begin
M := ∅;
φ := UR(φ, M);
if ∅ ∈ φ then return (“unsatisfiable”);
level := 0;
repeat the following while φ 6= ∅ {

choose arbitrarily a variable v ∈ φ;
M1 := M ;
M2 := M
φ1 := UR({C − {v} : C ∈ φ, v̄ /∈ C}, M1)
φ2 := UR({C − {v̄} : C ∈ φ, v /∈ C}, M2)
if ∅ ∈ φ1 and ∅ ∈ φ2 {

if level = 0 then return (“unsatisfiable”);
else return (“give up”);

} else {
arbitrarily choose i so that ∅ /∈ φi;
φ := φi;
M := Mi;
if i = 2 then M := M ∪ {x}

}
level := 1;

}
return (M);

end;

Figure 2: SLUR algorithm.

Procedure UR(φ, M): // Applies unit resolution until exhaustion

Input: a CNF expression φ and partial assignment M .
Output: a CNF expression and an updated M .

begin
repeat the following {

let {l} ∈ φ be a unit clause;
if l is an uncomplemented literal then M := M ∪ {l};
φ := {C − {complement(l)} : C ∈ φ, l /∈ C};

} while ∅ /∈ φ and there is a unit clauses in φ;
return (φ);

end;

Figure 3: Unit resolution algorithm.
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0 ≤ αi ≤ 1 (i = 1, 2, ..., n). (5)

where Z ∈ R+. The minimum value of Z that satisfies (4) and (5) is the sat-
isfiability index for φ. If φ’s satisfiability index is no greater than 1, then it is
q-Horn. However, the class of all expressions with a satisfiability index greater
than 1 + 1/nǫ, for any fixed ǫ < 1, is NP-complete.

The last class of this section is called the Matched class [46]9. For a given
expression φ, define Gφ to be an undirected bipartite graph with vertex sets Cφ,
whose elements are the clauses of φ, and V φ, whose elements are the variables
of φ, and edge set Eφ = {〈v, c〉 : v ∈ V φ, c ∈ Cφ, and variable v is in clause c}.
A matching in Gφ is a disjoint subset of edges B ⊂ Eφ. A maximum matching
in Gφ is a matching in Gφ containing the maximum possible number of edges.
A total matching in Gφ is a matching in Gφ where every c ∈ Cφ is in some edge
e ∈ B.

Definition 10 A CNF expression φ is a member of the Matched class if Gφ

has a total matching. �

It is well known that, due to an augmenting path algorithm of Edmonds, a
maximum matching can be found for bipartite graphs in polynomial time. This
implies a total matching can be found for Gφ in polynomial time, if one exists.

It is straightforward to show that the SLUR, q-Horn, and Matched classes
are incomparable.

5 A Digest of Probabilistic Results

Goldberg was among the first to investigate the frequency with which DPLL
algorithms return a model quickly or return a short proof that no model exists.
He provided an average-case analysis of a variant of DPLL which does not
handle pure literals or unit clauses [53]. The analysis was based on a different
parameterized distribution that generates random (n, m, p)-CNF expressions.

Definition 11 A random (n, m, p)-CNF expression contains m clauses, each
generated independently according to a random process described as follows. Let
V be a set of n variables and let 0 ≤ p ≤ 1/2. For every variable v ∈ V
independently and uniformly do one of the following: add literal v to clause C
with probability p, add literal v̄ to C with probability p, add neither v nor v̄ to
C with probability 1− 2p. �

Goldberg showed that, for random (n, m, p)-CNF expressions, the DPLL
variant has average complexity for bounded from above by O(m−1/ log(p)n) for

9The observation that a total matching implies a model was credited to Adam Rosenberg
by Tovey [93].
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any fixed 0 < p < 1. This includes the “unbiased” sample space when p = 1/3
and all expressions are equally likely. Later work [54] showed the same average-
case complexity even if pure literals are handled as well. The scientific and
engineering communities are often interested in refutation proofs, but Gold-
berg made no mention of the frequency of unsatisfiable random (n, m, p)-CNF
expressions over the parameter space of that distribution.

However, Franco and Paull [45] pointed out that large sets of random (n, m, p)-
CNF expressions, for fixed 0 < p < 1/2, are dominated by easily satisfiable
expressions: that is, a random assignment of values to the variables of a random
expression is a model for that expression with high probability. This result is
refined somewhat in [41] where it is shown that a random assignment is a model
for a random (n, m, p)-CNF expression with high probability if p > ln(m)/n
and a random (n, m, p)-CNF expression is unsatisfiable with high probability if
p < ln(m)/2n. In the latter case, a “proof” of unsatisfiability is trivially found
with high probability because a random (n, m, k)-CNF expression for this range
of p usually contains at least one empty clause, which can easily be located,
and implies unsatisfiability. The case p = c ln(m)/n, 1/2 ≤ c ≤ 1, was looked at
in [44] where it was shown that a random (n, m, p)-CNF expression is satisfiable
with high probability if limn,m→∞ m1−c/n1−ǫ < ∞, for any 0 < ǫ < 1. These
results show two things regarding random (n, m, p)-CNF expressions: 1) there
seems to be some threshold, probably sharp, for the probability that a ran-
dom expression is satisfiable and 2) expressions generated on both sides of the
threshold are usually trivially solved because they either contain empty clauses
or can be satisfied by a random assignment. In other words, only a small region
of the parameter space is capable of not being dominated by trivially solved
satisfiable or unsatisfiable expressions: namely, when the average clause width
is c ln(m)/n, 1/2 ≤ c ≤ 1. Because of this, random (n, m, p)-CNF generators
are not considered interesting by many.

Nevertheless, there has been significant interest in Goldberg’s distribution
and the results of some of this work is summarized in the two dimensional chart
of Figure 4 which partitions the entire parameter space of that distribution: the
vertical axis measures the average clause width (p · n) and the horizontal axis
measures the density (m/n). Each result is presented as a line through the chart
with a perpendicular arrow. Each line is a boundary for the algorithm labeling
the line and the arrow indicates that the algorithm has polynomial average time
performance in that region of the parameter space that is on the arrow side of
the line (constant factors are ignored for simplicity). Goldberg’s result appears
in the upper right corner, labeled Goldberg, occupying only a boundary of
the parameter space (hence no arrow) and shows the algorithm analyzed by
Goldberg has polynomial average time performance if p is a constant. Iwama’s
counting algorithm [59], labeled Counting, does better. If clauses are resolved
only if the pivot appears in two (remaining) clauses then a null clause verify-
ing unsatisfiablity will be obtained in polynomial average time below the lines
labeled Limited Resolution [43]. If pure literal reductions are added to the
algorithm analyzed by Goldberg then polynomial average time is achieved below
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the line labeled Pure Literals as well as above the Goldberg line [84]. But an
improved result, shown by the lines labeled Unit Clauses, is obtained merely
by repeatedly satisfying unit clauses until a null clause is generated (or the al-
gorithm gives up) [42]. Results for Search Rearrangement Backtracking [85] are
disappointing (shown bounded by the two lines labeled Backtracking) but a
slight variant, always choosing variables that are in a positive clause (if there is
no positive clause, satisfiability is determined by setting the remaining variables
to 0), is fantastic as is shown by the line labeled Probe Order Backtrack-
ing [83]. Observe that the combination of probe order backtracking and unit
clauses yield polynomial average time almost everywhere for random (n, m, p)-
CNF expressions. Now we turn our attention to the possibly more robust random
(n, m, k)-CNF expressions.

Franco and Paull in [45] (see [82] for corrections) also considered the proba-
bilistic performance of Goldberg’s variant of DPLL for random (n, m, k)-CNF
expressions. They showed that for all k ≥ 3 and every fixed m/n > 0, with
probability 1− o(1), the variant takes an exponential number of steps to report
a result: that is, either to report all (“cylinders” of) models, or that no model
exists. The first upper bound on rk, namely the smallest value of m/n such that
the expected number of (n, m, k)-CNF models tends to 0, was also presented in
that paper: the probability that a random expression is unsatisfiable is 1− o(1)
if m/n > − ln(2)/ ln(1− 2−k) (the result of Section 3.1 which is approximately
0.69 · 2k).

Later, in a series of two papers [20, 21], Chao and Franco presented some use-
ful insights which influenced the lower bound probabilistic analysis of Satisfiabil-
ity and Coloring algorithms in following years (for example, [2, 6, 7, 8, 23, 48]).
Unlike upper bounds, which are probabilistic counting arguments, they pro-
duced lower bounds for rk which are algorithmic. The algorithms they consid-
ered are shown in Figure 5 as a single algorithm, called SCA, with one parameter
s. SCA performs exactly like DPLL until either a model is found or the first
backtrack is attempted and, in the latter case, the algorithm gives up. Thus,
a positive result for algorithm SCA is also a positive result for DPLL. The
analysis of this algorithm was intended primarily to determine conditions un-
der which efficient performance was likely and secondarily to determine a lower
bound for rk. It was based on considering the “flow” of clauses between levels
of clause sets, where level i consists of all clauses of i literals at any iteration j
of SCA. The technique of flow analysis is discussed in detail in Section 6.1.

Using flows, in [20] it is shown that the Unit Clause (UC) algorithm
(Algorithm SCA, Figure 5 with s = 1) has positive probability of finding a
model for random (n, m, k)-CNF expressions when m/n < 8/3 = 2.66.. and,
when combined with a “majority” rule, for m/n < 2.9. In [21] the Generalized
Unit Clause (GUC) algorithm (Algorithm SCA with s = k) is shown to
find a model with bounded probability when m/n < (0.77)2k((k − 1)/(k −
2))k−2/(k + 1) and 4 ≤ k ≤ 40 and with probability 1 − o(1) when m/n <
(0.46)2k((k − 1)/(k − 2))k−2/(k + 1) and 4 ≤ k ≤ 40. This was improved by
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Figure 4: The parameter space of Goldberg’s distribution partitioned by poly-
nomial average time solvability. Pick a point in the parameter space. Locate
the lines with names of algorithms and arrows on the side of the line facing the
chosen point. Random formulas generated with parameters set at the specified
point are solved in polynomial average time by the named algorithms.
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Procedure SCA (φ, s):
Input: a CNF expression φ, integer s.
Output: either a model for φ or “give up”.

begin
M := ∅;
repeat the following until some statement outputs a value {

if φ = ∅ then return M ;
if ∅ ∈ φ then return “gives up”;
for i := 0 to k do Ci := {C : C ∈ φ and |C| = i};
q := min{i : Ci 6= ∅};
L1 := {l : ∃c ∈ Cq such that l ∈ c};
L2 := {l : ∃c ∈ φ such that l ∈ c};
if q ≤ s then choose l randomly from L1;
else choose l randomly from L2;
if l is an uncomplemented literal then M := M ∪ {l};
φ := {c− {l̄} : c ∈ φ and l /∈ c};

}
end;

Figure 5: Smallest Clause Algorithm for CNF expressions.

Chvátal and Reed [23] who showed that the Shortest Clause (SC) algorithm
(Algorithm SCA with s = 2) finds a model with probability 1 − o(1) when
m/n < (0.125)2k((k − 1)/(k − 3))k−3/k and 3 ≤ k. Observe that, combined
with previous results, this tells us random (n, m, k)-CNF expressions are nearly
always satisfiable if m/n < c12k/k and nearly always unsatisfiable if m/n > c22k

for some positive constants c1 and c2 and sufficiently large n.

According to a result of Friedgut (see Theorem 6) there is a sharp satisfia-
bility threshold rk for every k ≥ 3, and we know from the above results that it
must be no greater than some constant times 2k but no less than some constant
times 2k/k. But where, precisely, is it? The answer is interesting for various rea-
sons including that it may provide some insight about the performance of DPLL
variants. These variants seem to do well up to m/n about equal to 2k/k but after
that, for fixed m/n, their performance seems to suffer. Thus, a threshold result
of order 2k suggests a rather “hard” region for DPLL algorithms. The question
has been essentially solved recently. Before this, nearly all concerned researchers
had believed the threshold is of order 2k and for this reason it became known
in 1999 as the “Why 2k?” problem. In 2002 Achlioptas and Moore [4] showed
that nearly everyone was right, using the second moment method on a variant of
Satisfiability which bounds it in some way. Details of the analysis are instructive
and are presented in Section 6.3.
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The most active research on that portion of the parameter space where ex-
pressions with models are numerous has considered the cases k = 2 and k = 3.
Since 2-CNF expressions are polynomial time solvable, for k = 2 the issue
can only be whether the threshold exists and, if so, where is it. Chvátal and
Reed [23], Goerdt [51] and Fernandez de la Vega [39] independently answered
these questions: they determined r2 = 1. It is important to observe that 2-CNF
expressions being solvable in polynomial time [26] means that there is a simple
characterization of unsatisfiable 2-CNF expressions. Indeed, both [23] and [51]
make full use of this characterization as they proceed by focusing on the emer-
gence of the “most likely” unsatisfiable random (n, m, k)-CNF expressions. Also
using this characterization, Bollobas et al. [14] recently completely determined
the “scaling window” for random (n, m, 2)-CNF expressions, showing that the
transition from satisfiability to unsatisfiability occurs for m = n + λn2/3 as λ
goes from −∞ to +∞.

For k = 3, less progress has been made: the value of r3 has not been estab-
lished although ever improving bounds for it have progressively been reported.
Since r2 = 1, 1 ≤ r3 follows trivially. Broder, Frieze and Upfal [17] proved
that the pure literal heuristic alone, with no backtracking, almost always sets
all the variables for m/n ≤ 1.63. They used Martingales to offset distribu-
tion dependency problems as pure literals are uncovered. (Martingales will not
be discussed here since more recent techniques appear to be more powerful).
Mitzenmacher [76] showed that this bound is tight for the pure literal heuristic.
Frieze and Suen determined the probability of success of Algorithms SC and
GUC. In particular, they showed that for m/n < 3.003.., both heuristics suc-
ceed with positive probability. Moreover, they proved that a modified version
of GUC, which performs a very limited form of backtracking, succeeds almost
surely for such values of m/n. Years later, Achlioptas [2] showed, using a flow
analysis, that for m/n ≤ 3.145, a random (n, m, k)-CNF expression is satisfi-
able with probability 1 − o(1) by changing SC slightly to choose two literals
at a time coming from a clause with two unfalsified literals remaining. In [3]
Achlioptas and Sorkin take this approach to the limit with the discovery of an
algorithm which almost surely finds a model if m/n < 3.26. By take to the limit
we mean that no other myopic algorithm for Satisfiability can perform better
probabilistically. However, Kaporis et.al. [63] found a workaround to this “bar-
rier” and analyzed a simple non-myopic greedy algorithm for Satisfiability. A
description is outlined in Section 6.2, controls the dependence problem by con-
sidering a different generator of expressions such that probabilistic results also
hold for random (n, m, 3)-CNF expressions. Their result is that there exists an
algorithm for Satisfiability which almost always finds a model when m/n < 3.42.
With this analysis machinery in place, and considering the results of numerous
experiments, it will not be long before better results are reported. Because an
analysis tends to direct algorithm development, it is hoped future probabilistic
results will reveal new generally useful search heuristics, or at least explain the
mechanics of existing search heuristics.
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Algorithmic methods, applied successfully to DPLL on the satisfiable side,
do not help in finding good upper bounds on rk. Instead, successful results,
based on counting, are due to the application of the first and second moment
methods. It was stated earlier that a simple bound of rk < − ln(2)/ ln(1− 2−k)
is obtained from the first moment method applied to the number of models of
a random expression, later referred to as NM , and the second moment method
on NM does not give a better bound because the variance is too large. However,
the first moment method can yield better results if the count being measured is
changed. For example, from the above r3 < 5.19 but in [62] the count is allowed
to be reduced due to the observation that, with high probability, a large number
of variables have no effect on models. Taking the expectation of NM assuming
an appropriately reduced number of variables leads to r3 < 4.762. A weaker
bound using the same idea but on a slight variation of the generation of random
3-CNF expressions, was obtained independently in [37]. But a more clever idea,
introduced independently in [67] and [34] is based on identifying, for a given
expression φ, a set of “critical” models that is far smaller than the complete set
of models of φ. The expected number of critical models is a tighter upper bound
on the probability that an expression is satisfiable than the expected number of
models and it can be found with some cleverness as follows.

Call a truth assignment a critical model for CNF expression φ if it is a
model for φ and flipping exactly the value of one 0-valued variable to 1 results
in an assignment that is not a model for φ. A critical model can be obtained
from any model by flipping 0 values to 1 until such flips can only result in an
assignment which is not a model. Therefore, every satisfiable expression has at
least one critical model and a bound on the expected number of critical models
is a bound on the probability there exists a model. Given a critical model M and
a specific flip, there are

(

n
k

)

possible clauses which are excluded from φ and there

is at least one of
(

n−1
k−1

)

possible clauses containing the flipped variable which
must be included to cause φ to be falsified when that variable is flipped. Hence,
the probability that an assignment is a model is (1− 2−k)m and the probability
that a clause is the one which causes φ to be falsified given φ is satisfied by M
is
(

n−1
k−1

)

/(2k − 1)
(

n
k

)

which is approximately k/((2k− 1)n). From the latter, the
probability that M is critical but a given single flip results in not satisfying φ
is 1 − (1 − k/((2k − 1)n))m. If s is the number of possible single flips for M ,
then the probability that M is critical given it is a model for φ is bounded from
above10 by (1− (1− k/((2k− 1)n))m)s. The probability that M is critical given
s flips are possible is (1− 2−k)m(1− (1− k/((2k − 1)n))m)s and this is also the
expected value of the indicator variable which takes value 1 if and only if the
corresponding M is critical. The expected number of critical models is then

(1− 2−k)m
n
∑

s=0

(

n

s

)

(1− (1− k/((2k − 1)n))m)s

= (1− 2−k)m(2 − (1− k/((2k − 1)n))m)n.

10A few details concerning dependence must be added here to verify the bound.
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Setting this equal to 1 provides the bound (approximately)

rk < − ln(2− e−(k/(2k−1))rk )

ln(1− 2−k)
. (6)

Comparing Inequalities 1 and 6 we see the difference is only in the exponential
term. For k = 3 the upper bound given by Inequality 6 is r3 < 4.667. However,
a generalization of this method results in a bound r3 < 4.601. In [36] a still
further improvement to r3 < 4.506 is reported. Experimental results suggest
that r3 = 4.26. For more information on this area of research the reader is
referred to [35].

Returning to algorithms, pessimistic results have been reported for resolution-
based algorithms, including all DPLL variants, in the case of random unsatis-
fiable expressions. Resolution is a general procedure used primarily to certify
that a given CNF expression has no model. The idea predates the often cited
work reported in [86]. Let c1 and c2 be clauses such that there is exactly one
variable v that occurs negated in one clause and unnegated in the other. Then,
the resolvent of c1 and c2, denoted by Rc1

c2
, is a clause which contains all the

literals of c1 and all the literals of c2 except for v and its complement. That is,
Rc1

c2
= {l : l ∈ c1 ∪ c2 \ {v, v̄}}. The variable v is called a pivot variable.

The usefulness of resolvents derives from the following Lemma, which is
straightforward to prove.

Lemma 12 Let φ be a CNF expression. Suppose there exists a pair c1, c2 ∈ φ
of clauses such that Rc1

c2
/∈ φ exists. Then the CNF expression φ ∪ {Rc1

c2
} is

functionally equivalent to φ. �

A resolution algorithm for CNF expressions, making use of Lemma 12 and
the fact that a clause containing no literals cannot be satisfied by any truth
assignment, is presented in Figure 6. If the algorithm outputs “unsatisfiable”
then the set of all resolvents generated by the algorithm is a resolution refutation
for the input expression, certifying that it has no model. If the output is a set
of variables, then the assignment obtained by setting those variables to 1 and
all others to 0 is a model for the input expression.

In [27] it is shown that if there is a short DPLL refutation for a given
unsatisfiable expression, then there must be a short resolution refutation for the
same expression. Therefore, resolution is potentially more efficient than DPLL.
However, finding a shortest resolution refutation is generally hard. Moreover,
the more restricted nature of DPLL algorithms, namely finding all resolvents
involving a particular pivot variable v and then removing clauses containing
v and v̄ from φ, seems to result in a better intuitive grasp of effective search
heuristics and this seems to be the reason DPLL is preferred to resolution, in
general.

In any case, the pessimistic probabilistic results for resolution, which also ap-
ply to DPLL, begin with establishing the root cause: namely, expression sparse-
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Procedure Resolution (φ)
Input: a CNF expression φ.
Output: either “unsatisfiable” or a model for φ.

begin
M1 := ∅;
M2 := ∅;
repeat the following until some statement below outputs a value {

if ∅ ∈ φ then return “unsatisfiable”;

if there are two clauses C1, C2 ∈ φ such that RC1

C2
/∈ φ exists then

φ := φ ∪ {RC1

C2
};

else {
repeat the following while there is a pure literal l ∈ φ {

if l is an uncomplemented literal then M1 := M1 ∪ {l};
φ := {C : C ∈ φ, l /∈ C};

}
repeat the following while there is an uncomplemented clause C ∈ φ {

choose variable v ∈ C;
reverse the polarity of all occurrences of v and v̄ in φ;
M2 := M2 ∪ {v};

}
M := M1 ∪M2;
return M ;

}
}

end;

Figure 6: Resolution algorithm for CNF expressions.
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ness [24]. Without getting too technical at this time, sparseness is a measure of
the number of times pairs of clauses have a common literal or complementary
pair of literals; any “moderately large” subset C of clauses taken from a sparse
expression must contain a “large” number of variables that occur exactly once
in C.

Sparse expressions force a superpolynomial number of resolution steps for
the following reason. Let Pφ be the minimum set of clauses that is the result of
repeated applications of the resolution rule starting from a sparse unsatisfiable
CNF expression φ and ending with the null clause. By sparsity, any moder-
ately sized subset C of clauses taken from φ must contain a large number of
variables that occur exactly once in C. This forces at least one clause of high
width to exist in Pφ. But, almost all “short” resolution refutations contain no
long clauses after eliminating all clauses satisfied by a particular small random
partial assignment ρ. Moreover, resolution refutations for almost all unsatisfi-
able random (n, m, k)-CNF expressions with clauses satisfied by ρ removed are
sparse and, therefore, must have at least one high width clause. Consequently,
almost all unsatisfiable random (n, m, k)-CNF expressions have long resolution
refutations. Ideas leading up to a concise understanding of this phenomenon
can be found in [11, 12, 13, 24, 50, 56, 96]. Despite considerable tweaking, the
best we can say right now is that the probability that the length of a shortest
resolution proof is bounded by a polynomial in n when m/n > c′k · 2k, c′k some
constant, and limm,n→∞ m/n(k+2)/(4−ǫ) < 1, where ǫ is some small constant,
tends to 0 and when limm,n→∞ m/n > (n/ log(n))k−2 tends to 1. These results
are restated with a little more detail in Section 6.4.

The failure of resolution has led to the development of new techniques for
certifying unsatisfiability. A major success with respect to probabilistic analy-
sis is reported in [52] and described in Section 6.5. In essence, for a random
(n, m, k)-CNF expression φ, one finds a bound N+

m,n on the number of variables
needed to be set to 1 to satisfy clauses containing only uncomplemented literals
and a bound N−

m,n on the number of variables needed to be set to 0 to satisfy
clauses containing only complemented literals. If N+

m,n +N−
m,n > n then at least

one variable would have to be set to both 1 and 0 to satisfy the given expression.
Since this is impossible if φ is satisfiable, this test can provide certification that
φ is unsatisfiable. In [52] spectral techniques are used to obtain bounds sufficient
to show that certifying unsatisfiability in polynomial time can be accomplished
with high probability when limm,n→∞ m/n > nk/2−1+o(1) Results on resolution
are discussed further in Section 6.4. Figure 7 summarizes probabilistic results
on algorithms for random (n, m, k)-CNF expressions.

The probabilistic analysis of properties of CNF expressions can develop in-
sights into the nature of “hard” problems as well as the potential effectiveness
of preprocessing expressions before search algorithms are applied. For example,
consider checking whether a given expression is a member of a polynomial time
solveable class before search. If so, the search can be eliminated entirely. Such
a strategy might result in a drastic reduction of overall execution time. How-

28



Efficient in Probability - m/n < ...

Algorithm k = 3 k > 3 (Pr > c) k > 3 (Pr→ 1)

Goldberg none none none

Pure Literals (Broder...) 1.63 not reported not reported

UC (unit clauses) 2.66 2k

k
1
2

(

k−1
k−2

)k−2
none

UC + majority 2.9 not determined not determined

GUC (shortest clauses) 3.003 3·2k

4k

(

k−1
k−2

)k−2 ( k
k+1

)

0.46 2k

k

(

k−1
k−2

)k−2 ( k
k+1

)

SC (1,2 width clauses) 3.003 O(2k/k) 2k

8k

(

k−1
k−3

)k−3 ( k−1
k−2

)

SC (2 literals at a time) 3.145 O(2k/k) O(2k/k)

Best Myopic 3.26 O(2k/k) O(2k/k)

Greedy (Kaporis...) 3.42 O(2k/k) O(2k/k)

Efficient in probability - m/n > ...

Algorithm k = 3 k > 3 (Pr > c) k > 3 (Pr→ 1)

Restricted Width 0.66n — nk−2

(

2k

2k!

)

DPLL variant n/ log(n) — nk−2
(

1
log(n)

)k−2

Hitting Set n1/2+ǫ — nk/2−1+o(1)

Figure 7: Probabilistic behavior of algorithms on random (n, m, k)-CNF ex-
pression as a function of density (m/n). The top table, except for Goldberg’s
algorithm, applies to incomplete algorithms which either find a model or give up.
Such algorithms perform well in probability for densities (m/n) below a certain
quantity. Table entries indicate known bounds on those quantities. Two types
of results are shown for k > 3: probability of success bounded from below by a
constant (column heading includes Pr > c) and probability of success tending
to 1 (column heading includes Pr → 1). Much work has been done for the case
k = 3 and those results are in a separate column. In that case, the probability
of success tends to 1 only for the algorithm of Broder. However, the addition of
a limited form of backtracking brings GUC and SC into that category as well.
Table entries O(2k/k) have not been published but either are obvious or have
been communicated personally. These are interesting in light of the result that
the Satisfiability threshold is O(2k). The bottom table applies to algorithms
which intend to verify unsatisfiability.
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ever, this seems unlikely to succeed for any of the well known efficiently solvable
classes due to probabilistic studies of random expressions such as those de-
scribed in Section 6.6. According to those results the likelihood of the existence
of instances of such classes is extremely low among reasonably hard random
expressions. The analysis explains why: namely the highly likely presence of
specific cyclic structures (this is explained in Section 6.6).

Insights developed from a probabilistic analysis also can be quite surprising.
For example, using density (m/n) as a parameter, it is found that several well
studied, different, complex polynomially solvable classes are rare when m/n >
4/(k2−k) [46]. On the other hand, some polynomial time solvable classes which
are apparently so trivial that they have been all but neglected in the literature,
and are not vulnerable to cyclic structures, are common even out to m/n = 1.
See Section 6.6 for details.

Before leaving this section we mention the recent important non-rigorous
contributions of the statistical physics community leading to a better under-
standing of the nature of hard problems and proposals for algorithms that can
deal with them. A discussion of this topic is left to Section 6.8.

6 The Probabilistic Analysis of Algorithms

In this section we present examples of analysis using the tools of Section 3. We
choose examples which represent, without complication, ideas that have led to
progressively better results. This means, in some cases, the results obtained here
are not the “best” known.

6.1 Myopic algorithms for satisfiable expressions

For densities where random expressions are satisfiable with high probability the
behavior of some DPLL variants can be understood adequately by means of
performance results on corresponding straight line algorithms. A first wave of
many results were obtained for myopic algorithms of the form of Algorithm
SCA in Figure 5, known as the Shortest Clause Algorithm because each vari-
able assignment is chosen to satisfy a non-satisfied clause of least width. The
study of these algorithms is motivated by the observation that if a straight line
algorithm is to succeed, then it cannot allow an accumulation of unit clauses
since too many unit clauses increases the likelihood of a pair of unit clauses
which have opposite polarity and that would terminate the algorithm without
success. Intuitively, eliminating shortest clauses first should then be a priority.
Probabilistic analysis confirms this intuition to some extent: results for the class
of shortest clause first algorithms are quite good compared to other heuristics,
for example the pure literal heuristic alone. In addition, the analysis is based
on clause-flows and illuminates the algorithmic mechanics that cause success-
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ful behavior. The remainder of this section is a high-level presentation of the
analysis of several straight line algorithms. The main intention is to focus on
motivation and intuition with a minimum of details.

A clause-flow model can be used to analyze the mechanics of many straight
line algorithms. In particular, in this section we concentrate on the family identi-
fied as Algorithm SCA in Figure 5 and known as the shortest clause algorithms.
Let φ be a random (n, m, k)-CNF expression. The shortest clause algorithms
choose an unassigned literal on each iteration. Such a choice causes some clauses
of φ to disappear because they have become satisfied and some clauses to have
a literal removed because they have become falsified by the implicit assignment.
Thus, at the start of the jth iteration of SCA some non-satisfied, remaining
clauses have k literals, some k − 1 literals and so on. Define Cφ

i (j) to be the
set of clauses of φ that have exactly i literals at the start of the jth iteration
(henceforth, the superscript will be dropped for simplicity). Define wi(j) to be
the number of i-literal clauses added to Ci(j) as a result of choosing a literal on
the jth iteration. That is, wi(j) is the flow of clauses into Ci(j) due to picking a
literal on the jth iteration. Define zi(j) to be the number of clauses eliminated
from Ci(j) (satisfied) as a result of choosing a literal on the jth iteration. That
is, zi(j) is the flow out of Ci(j) due to picking a literal on the jth iteration.
Let mi(j) = |Ci(j)|. Figure 8 shows these clause sets, represented by ovals, and
clause flows, represented by arcs with arrows indicating flow direction.

The success of a shortest clause algorithm depends critically on what is
happening to w0(j). If w0(j) > 0 for any j, any shortest clause algorithm stops
and gives up because some clause has just had all its literals falsified by the
current partial truth assignment. In turn, w0(j) can be controlled by keeping
complememtary pairs of clauses out of C1(j), for all j, since, if such a pair
exists in C1(j) for some j = j′, then eventually w0(j) > 0 for some j = j∗ >
j′. Complementary pairs may be kept out of C1(j), for all j, by preventing a
significant accumulation of unit clauses over time since such an accumulation
tends to raise the probability that a complementary pair exists. Choosing a unit
clause literal first, if one exists, does this by acting like a “pump” that attempts
to immediately discharge all clauses which flow into C1(j). Unfortunately, it
is not usually the case that more than one unit clause can be discharged at a
time. Therefore, by choosing unit clause literals first one is unable to prevent
an accumulation in C1(j) when w1(j) > 1 over a significant range of j.

An important approach to the analysis of shortest clause algorithms is to
model the clause flows and accumulations as a system of differential equations
and determine under what conditions maxj{w1(j)} = 1. Those conditions mark
the boundary of good probabilistic performance. In what follows we try this idea
for Algorithm SCA given in Figure 5 with s = 1. This algorithm is called in the
literature UC for Unit Clause.

Whether the flows can be modeled according to the approach stated above
depends on two things: 1) the clauses in Ci(j), for any i and j, should be statisti-
cally independent and uniformly distributed; 2) conditions whereby markovian
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Figure 8: Clause sets and flows for a linear algorithm. On the left is a schematic
representation. On the right are plots of the expected number of clauses in Ci(j)
versus j/n for the case k = 4 with i = 2, 3, 4.
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processes may be modeled as differential equations should be satisfied. In the
first case, clauses entering Ci(j) are independent of clauses existing in Ci(j) and
of each other, and are uniformly distributed since they were so in Ci+1(j − 1)
and the chosen literal is selected randomly from the appropriate set of free lit-
erals. Also, conditioned on the event that at least one unit clause leaves C1(j)
when |C1(j)| > 0, clauses leave Ci(j) independently as well. This establishes that
Algorithm SCA with s = 1 is myopic (see Section 3.3). In the second case, even
as n grows, the flows wi(j) and zi(j) are binomially distributed with means that
are less than km/n which is bounded by a constant. This is enough to satisfy
the conditions of Theorem 2 so there is no loss in modeling the discrete flows
and accumulations by a system of differential equations.

With this out of the way we can write, for 1 ≤ i ≤ k, 0 < j < n,

mi(j + 1) = mi(j) + wi(j)− zi(j).

Taking expectations gives

E{mi(j + 1)} = E{mi(j)} + E{wi(j)} − E{zi(j)}

which can be written

E{mi(j + 1)} − E{mi(j)} = E{wi(j)} − E{zi(j)}. (7)

But, due to the statistical independence of clauses at every j, and the fact that
φ is originally constructed from a set of n variables, we have, for all 2 ≤ i ≤ k,
0 < j < n,

E {zi(j)} = E {E {zi(j)|mi(j)}}

= E

{

i ∗mi(j)

n− j

}

=
i ∗ E {mi(j)}

n− j
.

Also, for all 1 ≤ i < k, 0 < j < n,

E {wi(j)} = E {E {wi(j)|mi+1(j)}}

= E

{

(i + 1) ∗mi+1(j)

2(n− j)

}

=
(i + 1) ∗ E {mi+1(j)}

2(n− j)
and

E {wk(j)} = 0.

After substituting these results into Equation 7 and verifying conditions in
Theorem 2, we can write the corresponding difference equations as follows: for
2 ≤ i < k,

E {mi(j + 1)−mi(j)} =
(i + 1) ∗ E {mi+1(j)}

2(n− j)
− i ∗ E {mi(j)}

n− j
and

E {mk(j)} = −k ∗ E {mk(j)}
n− j

.
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The corresponding differential equations are

dm̄i(x)

dx
=

(i + 1) ∗ m̄i+1(x)

2(1− x)n
− i ∗ m̄i(x)

(1− x)n
and

dm̄k(x)

dx
= −k ∗ m̄k(x)

(1 − x)n

where m̄i(x) is zi(x) of Theorem 2.

Boundary conditions, assuming m clauses of k literals in φ initially, are
m̄k(0) = m/n and m̄i(0) = 0 for all 1 ≤ i < k. The solution to the equations
with these boundary conditions is, for all 2 ≤ i ≤ k

m̄i(x) =
1

2k−i

(

k

i

)

(1− x)i (x)k−i m/n.

Thus,

E {mi(j)} =
1

2k−i

(

k

i

)

(1− j/n)
i
(j/n)

k−i
m.

Plots of these functions for k = 4 are given in Figure 8.

The important flow is given by

E {w1(j)} =
E {m2(j)}

n− j
=

1

2k−2

(

k

2

)

(1− j/n)(j/n)k−2(m/n).

By Theorem 3 and since |E {m2(j)} − m2(j)| < β, for any 0 < β, almost
always, from Theorem 2(b), Algorithm UC succeeds with probability bounded
from below by a constant if

E {w1(j)} =
E {m2(j)}

n− j
<

m2(j) + β

n− j
=

m2(j)

n− j
+ o(1) < 1− ǫ + o(1)

for any 0 < ǫ. That is, the algorithm succeeds as long as the average rate of
production of unit clauses is no greater than 1 per iteration at any iteration.

Taking the derivative with respect to j and setting to 0 yields a maximum
for E {w1(j)} at j = j∗ = k−2

k−1n. The value of E {w1(j∗)} is less than 1 if

m

n
<

2k−1

k

(

k − 1

k − 2

)k−2

.

We can now conclude the following.

Theorem 13 Algorithm UC determines a given random (n, m, k)-CNF expres-
sion has a model with probability bounded from below by a constant if

m

n
<

2k−1

k

(

k − 1

k − 2

)k−2

.

�
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Observe that for k = 3, UC succeeds with bounded probability when m/n <
2.666. By Theorem 6 almost all random (n, m, 3)-CNF expressions have at least
one model if m/n < 2.666.

A feature of the flow analysis outlined above is it reveals mechanisms that
suggest other, improved heuristics. For example, since increasing z flows de-
creases w flows, the following adjustment to Algorithm UC is suggested: if
there are no unit clauses, choose a literal l randomly from φ, then compare
the number of occurrences of l with the number of occurrences of l̄ and choose
the literal that occurs most often (this tends to increase z flows at the expense
of w flows). This isn’t quite good enough, however, since Ci(j) clauses are ap-
proximately twice as influential as Ci+1(j) clauses. This is because, roughly, one
clause is accounted for in zi(j) for every two clauses in zi+1(j). Thus, it is better
to compare weights of literals where the weight of a literal is given by:

ω(l) =
∑

c∈φ:l∈c

2−|c|.

An analysis of such a heuristic is not known to us but the algorithm, called UCL,
for 3-CNF expressions shown in Figure 9 using the original idea of counting
clauses, comes fairly close.

Whereas in the case of Algorithm UC applied to random (n, m, 3)-CNF
expressions a model can be found with bounded probability when m/n < 2.66,
in the case of Algorithm UCL we have the following

Theorem 14 Algorithm UCL determines a given random (n, m, 3)-CNF ex-
pression has a model with probability bounded from below by a constant if m/n <
2.9. �

An improved analysis and improved bound to m/n < 3.001 is given in [1].

The reader may be curious about why the number of occurrences of literals
in C2(j) was not taken into account in Algorithm UCL. Flow analysis tells us
that it is unnecessary. Suppose that, in the case C1(j) = ∅, the j + 1st literal
is chosen on the number of times it occurs in both C3(j) and C2(j). Assume
the most optimistic case: the literal appears in more clauses of both C3(j) and
C2(j) than its complement (then the flow into C1(j + 1) is minimized since the
number of two and three literal clauses removed due to the j +1st chosen literal
is maximized). Let E{w∗

1(j)} denote the new average flow of clauses into C1(j).
Then

E{w∗
1(j)} = E{w1(j)} − h1(j)(1− E{w∗

1(j)})
where h1(j) is the extra number of clauses removed from the flow into C1(j)
when the chosen literal is not a unit clause and 1−E{w∗

1(j)} is the probability
(to within O( 1

n )) that the chosen literal is not a unit clause. Therefore,

E{w∗
1(j)} =

E{w1(j)} − h1(j)

1− h1(j)
.
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Procedure UCL(φ)
Input: a CNF expression φ.
Output: either “unsatisfiable” or a model for φ.

begin
M := ∅;
j := 0;
L := {x, x̄ : ∃C ∈ φ such that either x ∈ C or x̄ ∈ C};
repeat the following {

if C1(j) 6= ∅ then randomly choose literal x ∈ C1(j);
else {

choose literal y randomly from L;
if # occurrences of ȳ in C3(j) > # occurrences of y in C3(j) then

x := ȳ;
else

x := y;
}
L := L− {x, x̄};
remove from φ all clauses containing x;
remove from φ all occurrences of x̄;
if x is an uncomplemented literal then M := M ∪ {x}.
j := j + 1;

} until φ = ∅ or there are two complementary unit clauses in φ;
if φ = ∅ then return M ;
else return(“cannot determine whether a model exists”);

end;

Figure 9: A heuristic which chooses variables randomly but assigns values based
on the difference in the number of occurrences of complemented and uncomple-
mented literals.
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Thus E{w∗
1(j)} < 1 is equivalent to E{w1(j)} < 1 and no benefit is gained by

considering the number of occurrences of the chosen literal in C2(j).

There is another improved heuristic suggested by flow analysis. If “pumping”
clauses at the bottom level by means of the unit clause rule is effective, putting
“pumps” at all levels should be more effective. This amounts to adopting the
following strategy for literal selection which is a generalization of the unit clause
rule called the smallest clause rule: choose a literal from a clause of smallest size.
Thus, if there is at least one unit clause, choose from one of them; otherwise,
if there is at least one 2-literal clause, choose a literal from a 2-literal clauses;
otherwise, if there is at least one 3-literal clause, choose a literal from a 3-literal
clause, and so on. This is Algorithm SCA, Figure 5 with s = k. We call this
Algorithm GUC.

The effectiveness of “pumping” at all levels is revealed by a flow analysis
applied to Algorithm GUC. The results, taken from [21], are

Theorem 15 Algorithm GUC determines that a random (n, m, k)-CNF ex-
pression has a model with probability bounded from below by a constant when

m

n
<

3.09 ∗ 2k−2

k + 1

(

k − 1

k − 2

)k−2

and 4 ≤ k ≤ 40.

�

Theorem 16 Algorithm GUC determines a random (n, m, k)-CNF expression
has a model with probability tending to 1 when

m

n
<

1.845 ∗ 2k−2

k + 1

(

k − 1

k − 2

)k−2

− 1 and 4 ≤ k ≤ 40.

�

But it is not necessary to “pump” at all levels to get this kind of result.
Consider Algorithm SCA with s = 2 and call it Algorithm SC. The following
analysis sketch of Algorithm SC is based on results by Chvátal and Reed [23].
Let pj denote the probability that a fixed input clause shrinks to two literals
after exactly j iterations of Algorithm SC. Then pjm is the average flow into
C2(j). The following simple expression for pj can be obtained straightforwardly.

pj =

(

j−1
k−3

)(

n−j
2

)

(

n
k

)

1

2k−2

This can be bounded from above by setting j to the value that maximizes pj (the
maximum occurs when the ratio pj+1/pj crosses the value 1). We are interested
in conditions that imply the bound for pj is less than 1/m since that gives an
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average flow into C2(j) that is less than 1. Straightforward calculation reveals,
for all j,

pj <
1− ǫ

m
for any fixed ǫ > 0 such that

m

n
<

(

1− ǫ

1 + ǫ

)

2k

8k

(

k − 1

k − 3

)k−2
k − 1

k − 2
.

This yields the following

Theorem 17 Algorithm SC determines a random (n, m, k)-CNF expression,
k ≥ 3, has a model with probability tending to 1 when

m

n
<

2k

8k

(

k − 1

k − 3

)k−3
k − 1

k − 2
.

�

The difference between the result of Theorem 17 and that of Theorem 16 is due
to improved analysis facilitated by working with an easier algorithm.

By adding a limited amount of backtracking to GUC, Frieze and Suen pro-
duced an algorithm, called GUCB, for 3-CNF expressions that finds a model,
with probability tending to 1, when m/n < 3.003 [48]. Probabilistic analysis
of a backtracking algorithm given random (n, m, k)-CNF expressions φ can be
exceedingly difficult because statistical dependences can easily show up when
returning to subexpressions after a failure to locate a model. However, Frieze
and Suen showed it is possible to carefully manage a limited amount of back-
tracking so that this does not happen. The following explains how the back-
tracking in GUCB is accomplished. The initial operation of GUCB is the same
as that of GUC. Suppose GUCB has successfully completed t iterations and
has chosen the sequence of literals {xπ1

, xπ2
, . . . xπt

} and set them to 1. Suppose
|C1(t′)| = 0, t′ < t and |C1(j)| > 0 for all t′ < j ≤ t so the last iteration that saw
no unit clauses was iteration t′. Suppose further that choosing and setting literal
xπt+1

to 1 results in the existence of complementary unit clauses in C1(t + 1).
Then GUCB backtracks by setting xπt′

= xπt′+1
= . . . = xπt

= xπt+1
= 0.

Corresponding adjustments are made to the clauses and literals of φ. That is,
clauses now satisfied are removed, removed clauses now not satisfied are rein-
stated, literals now falsified are removed, and removed literals now not falsified
and in non-satisfied clauses are reinstated. After backtracking, GUCB continues
choosing and setting literals to 1 as before. The algorithm succeeds if all clauses
are eliminated. The algorithm fails in two ways: 1) the resetting of literals from
1 to 0 results in a null clause; 2) a complementary pair of unit clauses is en-
countered before |C1| has become 0 after a backtrack. The analysis of GUCB
is possible because the effect on the distribution of Ci(j) is slight and because,
with probability tending to 1, GUCB backtracks at most ln5(n) times when
m/n < 3.003.

Frieze and Suen also apply limited backtracking to Algorithm SC and call
the resulting algorithm SCB. The result is the following:
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Theorem 18 For k ≥ 4, SCB succeeds, with probability tending to 1, when
m/n < ηk2k/k where η4 ≈ 1.3836, η5 ≈ 1.504, and limk→∞ ηk ≈ 1.817. �

This may be compared to the above result for GUC which, at k = 40, has
a performance bound of m/n < (1.2376)240/40 (probability tending to 1), and
the above result for SC which has a performance bound of limk→∞ m/n <
(0.9236)2k/k (probability tending to 1).

There is a limit to the probabilistic performance of straight line, myopic
algorithms. That is, there is an optimal policy for choosing a variable and value
on any iteration, depending on the iteration. For k = 3, the optimal policy is
given by the following:

Optimal Myopic Literal Selection Policy
If m1(j) = 0 choose 2-literal clause {v, w} or {v, w̄}, or {v̄, w} or {v̄, w̄} at
random. Select v, v̄, w or w̄ at random and temporarily assign the value
to the chosen variable which satisfies its clause. Then fix the assignment
according to the following. Let M3(j) be the number of 3-literal clauses sat-
isfied minus the number of literals falsified in 3-literal clauses. Let M2(j) be
the number of 2-literal clauses satisfied minus the number of literals falsified
in 2-literal clauses. Let d3(j) = m3(j)/(n− j). Let d2(j) = m2(j)/(n− j).
Define Θ(j) = (1.5·d3(j)−2·d2(j)+γ)/(1−d2(j)) where γ is some constant.
Reverse the assignment if Θ(j) > M3(j)/M2(j).

Theorem 19 ([3]) Algorithm SCA with s = 1 and using the optimal myopic
literal selection policy instead of choosing a literal randomly from L2 succeeds in
finding a model given random (n, m, 3)-CNF expressions as input with probability
bounded from below by a constant when m/n < 3.22. This is the best possible
literal selection policy for SCA on random (n, m, 3)-CNF expressions. �

According to the optimal myopic literal selection policy if there is a literal
that will maximize both the number of 3-literal clauses and 2-literal clauses
satisfied, one will be selected. Otherwise, a literal is selected as a compromize
between reducing the number of 2-literal clauses immediately and increasing the
chance of reducing the number of 2-literal clauses at some point in the future.

A better result is due to a literal selection policy which may actually look
at 2 literals on an iteration instead of just 1. The result is:

Theorem 20 There exists a myopic straight line algorithm which succeeds in
finding a model given random (n, m, 3)-CNF expressions as input with proba-
bility bounded from below by a constant which m/n < 3.26. This is the best
performance possible by any myopic straight line algorithm. �
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6.2 Non-myopic algorithms for satisfiable expressions

In light of experimental evidence suggesting r3 is approximately 4.25 and the
results of Theorem 20 there appears to be an unfortunate gap between what
is achievable by myopic algorithms and what we would hope is possible from
straight line algorithms. However, the tools of Section 3.3 may still be applied
to the analysis of non-myopic straight line algorithms, under some restrictions.
For example, flow analysis is still possible if algorithmic operations include [65]:

1. Select uniformly at random a pure literal, assign it the value 1 and remove
all satisfied clauses.

2. Select uniformly at random a literal occuring exactly once in the expres-
sion and its occurrence is in a 3-literal clause, assign it the value 0, remove
it from the clause it appears, and remove all clauses containing its com-
plementary literal (these are satisfied).

3. Select uniformly at random a literal occuring exactly once in the expres-
sion and its occurrence is in a 2-literal clause, assign it the value 0, remove
it from the clause it appears, and remove all clauses containing its com-
plementary literal (these are satisfied). Then apply the unit clause unit to
exhaustion (until no unit clauses remain).

An example, which we call GPL, from [63] is shown in Figure 10.

Theorem 21 Algorithm GPL succeeds in finding a model given random (n, m, 3)-
CNF expressions as input with probability bounded from below by a constant
when m/n < 3.42. �

Similar algorithms have been reported to have good performance out to m/n <
3.52 [55, 64].

Other non-myopic straight line algorithms have shown even better perfor-
mance on random (n, m, k)-CNF inputs. For example, the algorithm of Fig-
ure 11 seems to do well for m/n < 3.6 on random (n, m, 3)-CNF inputs. The
algorithm is designed to iteratively select a variable and value which maximizes
the expected number of models possessed by what is left of the given expression
after satisfied clauses and falsified literals are removed, assuming somehow the
clauses of the new expression are statistically independent. Of course, that is
not the case. But it is conceivable that the fundamental idea of maximizing
expected number of models or maximizing the probability a model exists can
be enhanced to provide algorithms of greater performance. An analysis of this
and other algorithms like it has not yet been reported.
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Procedure GPL(φ)
Input: a CNF expression φ.
Output: either “gives up” or returns a model for φ.

begin
M := ∅;
repeat the following {

if φ = ∅ then return M ;
if ∅ ∈ φ then return(“cannot determine whether model exists”);
let l be a literal in φ occurring at least as frequently as any other;
if l is an uncomplemented literal then M := M ∪ {l};
φ := {C − {l̄} : C ∈ φ, l /∈ C}
repeat the following until no unit clauses exist in φ {

let {l} be a unit clause in φ;
if l is an uncomplemented literal then M := M ∪ {l};
φ := {C − {l̄} : C ∈ φ, l /∈ C};

}
}

end;

Figure 10: A non-myopic straight line algorithm.

6.3 Lower bounds on the satisfiability threshold

The results of the previous two sections may be used to obtain lower bounds for
the random (n, m, k)-CNF threshold. Thus, from algorithmic analysis we know
r3 > 3.42. Unfortunately, the best that can be said for the general threshold,
based on algorithmic analysis, is rk > c · 2k/k, c a constant. But recently the
second moment method has been applied ([5]) to show that

rk ≥ 2k ln(2)− (k + 1) ln 2/2− 1− δk

where δk → 0 for increasing k. These results improve and are built upon those
of [4]. We sketch the motivation leading to these results in this section.

The crucial question is which random variable X can the second moment
method be applied to. As stated in Section 3.2, if X is the number of models, the
bound provided by the second moment method is inadequate. This is because
for many random (n, m, k)-CNF expressions the number of models is far from
the mean number causing the variance of X to be too high. More specifically,
Pr(z|w) (see Lemma 1, Page 7) is too high. This can be seen as follows. Let z and
w be assignments to variables in random (n, m, k)-CNF expression φ agreeing
in αn variables. Then

Pr(z is a model for φ|w is a model for φ) =

(

1− 1− αk

2k − 1

)m

.
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Procedure MPS(φ)
Input: a CNF expression φ.
Output: either “gives up” or returns a model for φ.

begin
M := ∅;
repeat the following {

if φ = ∅ then return M ;
if ∅ ∈ φ then return(“cannot determine whether model exists”);
repeat the following until no unit clauses exist in φ {

let {l} be a unit clause in φ;
if l is an uncomplemented literal then M := M ∪ {l};
φ := {C − {l̄} : C ∈ φ, l /∈ C};

}
for all unassigned literals l do the following {

φl := {C − {l̄} : C ∈ φ, l /∈ C};
define w(l), the weight of literal l, to be

∏

C∈φl
(1 − 2−|C|);

}
choose l so that w(l) is maximum over all unassigned literals;
if l is an uncomplemented literal then M := M ∪ {l}
φ := {C − {l̄} : C ∈ φ, l /∈ C};

}
end;

Figure 11: Another non-myopic straight line algorithm.

Therefore, to apply the second moment method, we will need to control

∑

0≤α≤1

(

n

αn

)(

1− 1− αk

2k − 1

)m

.

Observe the maximum of this sum does not occur at α = 1/2 and is not o(µ)
as needed (recall µ = 2n(1− 2−k)m).

The fix is to use a bound for a closely related problem for which the maximum
of the sum occurs at α = 1/2. The problem is called Not-All-Equal k-CNF
(which we denote by NAEk). Given random (n, m, k)-CNF expression φ, NAEk

is the problem of finding a model for φ such that every clause has at least one
literal falsified as well as at least one satisfied. Since a NAEk model for φ is also
a model for φ

Pr(∃ model for φ) > Pr(∃ NAEk model for φ).

But

Pr(z is a NAEk model for φ|w is a NAEk model for φ) =
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(

1− 1− αk − (1− α)k

2k−1 − 1

)m

and

∑

0≤α≤1

(

n

αn

)(

1− 1− αk − (1− α)k

2k−1 − 1

)m

≈ 2n(1− 2−k+1)m

√
n

= o(µ)

because all the significant contributions to the sum occur near the maximum of
both terms in the summand which is at α = 1/2 and µ for NAEk on random
(n, m, k)-CNF inputs is 2n(1− 2−k+1)m.

6.4 Algorithms for verifying unsatisfiability: resolution

The algorithms discussed above are useless for verifying the unsatisfiability of
an expression where it is required to prove that no truth assignment is a satis-
fying one. Resolution is one popular method capable of doing this and can be
extremely effective when certain clause patterns are present, with high prob-
ability. Recall from Page 26 that the resolvent of two clauses c1 and c2 such
that there is exactly one variable v that occurs as a complemented literal in
one clause and as an uncomplemented literal in the other, denoted by Rc1

c2
, is a

clause which contains all the literals of c1 and all the literals of c2 except for v
and v̄. That is, Rc1

c2
= {l : l ∈ c1 ∪ c2 \ {v, v̄}}. If resolvents are generated until

one is the empty set, then the original expression is unsatisfiable.

There are many resolution-based algorithms: that is, algorithms using the
generation of resolvents to determine whether a given expression is satisfiable.
They differ in the restrictions that are applied to help improve the total number
of resolvents generated. The following restricted resolution algorithm, called
RW for Restricted Width, has polynomial time complexity because resolvents
are restricted to be no greater than k in width:
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Procedure RW(φ)
Input: a CNF expression φ.
Output: either “unsatisfiable” or “gives up”.

begin
repeat the following {

if there are clauses C1, C2 ∈ φ s.t. RC1

C2
/∈ φ and |RC1

C2
| ≤ k then

φ := φ ∪ {RC1

C2
};

else
break out of the loop;

}
if ∅ ∈ φ then return (“unsatisfiable”);
else return (“cannot determine whether φ is unsatisfiable”);

end;

Clearly, Algorithm RW cannot be mistaken if it outputs unsatisfiable.

It can be shown that Algorithm RW is effective on random (n, m, k)-CNF
expressions up to a point. Particular patterns of clauses that RW can exploit
to produce a null resolvent are developed as follows:

Let Si,j denote the family of clause sets defined as follows over a set of
variables X = {x11, x21, . . . , x12, x22, . . .}:

Si,j =

{

{{xi1}{x̄i1}} if j = 1;

{P ∪ {xij} : P ∈ S2i−1,j−1} ∪ {P ∪ {x̄ij} : P ∈ S2i,j−1} if j > 1.

Thus,

S1,1 = {{x11}, {x̄11}}
S1,2 = {{x12, x11}, {x12, x̄11}, {x̄12, x21}, {x̄12, x̄21}}
S1,3 = {{x13, x12, x11}, {x13, x12, x̄11}, {x13, x̄12, x21}, {x13, x̄12, x̄21},

{x̄13, x22, x31}, {x̄13, x22, x̄31}, {x̄13, x̄22, x41}, {x̄13, x̄22, x̄41}}

Over variable set X ∪ {y0, y1, y2, . . .} define

Rk,r =



















































{P ∪ {y0, ȳ1} : P ∈ S1,k−2} ∪
{

∪r−2
i=1 {P ∪ {yi, ȳi+1} : P ∈ Si+1,k−2}

}

∪
{P ∪ {yr−1, y0} : P ∈ Sr,k−2} ∪
{P ∪ {ȳ0, ȳr} : P ∈ Sr+1,k−2} ∪
{

∪2r−2
i=r+1{P ∪ {yi−1, ȳi} : P ∈ Si+1,k−2}

}

∪
{P ∪ {y2r−2, ȳ0} : P ∈ S2r,k−2}


















































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For example,

R3,3 =















{y0, ȳ1, x11}, {y0, ȳ1, x̄11}, {y1, ȳ2, x21}, {y1, ȳ2, x̄21},
{y2, y0, x31}, {y2, y0, x̄31}, {ȳ0, ȳ3, x41}, {ȳ0, ȳ3, x̄41},
{y3, ȳ4, x51}, {y3, ȳ4, x̄51}, {y4, ȳ0, x61}, {y4, ȳ0, x̄61}















Algorithm RW, applied to any k-CNF expression that contains a subset of
clauses which can be mapped to Rk,r (r ≥ 2) after renaming of variables,
always results in a certificate of unsatisfiability for that expression. Therefore,
if random (n, m, k)-CNF expression φ has such a subset with high probability,
then RW will conclude unsatisfiability with high probability.

It is straightforward to obtain the probability that there is a subset of clauses
that maps to Rk,r for some r. Expression Rk,r contains r2k−1 clauses and
r2k−1 − 1 distinct variables, and is minimally unsatisfiable: that is, it is un-
satisfiable but removal of any clause produces a satisfiable set. This property
is important to the analysis since a minimally unsatisfiable expression can be
padded with additional clauses to get other unsatisfiable clause patterns with a
much higher ratio of variables to clauses, but the probability that such a padded
pattern exists is not greater than the probability that one of its base minimally
unsatisfiable sets exist. The existence probability crosses from tending to 0 to
tending to 1 at a particular ratio of m/n. This can be estimated by finding
conditions that set the average number of minimally unsatisfiable sets to ∞ in
the limit. The probability that a particular subset of r2k−1 clauses matches the

pattern Rk,r for a particular choice of variables is (r2k−1)!/
(

2k
(

n
k

))r2k−1

. There

are
(

n
r2k−1−1

)

ways to choose the variables and each of 2r2k−1−1 ways to com-
plement the chosen variables presents a pattern that RW can handle. Futher-
more, any of the (r2k−1 − 1)! permutations of those variables also presents
a solvable pattern. Finally, there are

(

m
r2k−1

)

ways to choose clauses. There-
fore, the average number of Rk,r patterns in φ is the product of the above

terms which is about (k!m/(2k−1n(k−1)+1/r2k−1

))r2k−1

. This tends to ∞ when

m/n(k−1) > (nω(n))1/r2k−1

where ω(n) is any slowly growing function of n. Set-
ting r = ⌊ln1+ǫ(n)⌋, where ǫ is a small constant is sufficient to give the following
result (in this case patterns are small enough for a second moment analysis to
carry through).

Theorem 22 Algorithm RW succeeds, with probability tending to 1, on random
(n, m, k)-CNF expressions if m/n > nk−22k−1/k!. �

This analysis shows the importance of the ratio of the number of variables to
the number of clauses in a minimally unsatisfiable expression. A higher ratio
means a lower cutoff for m/nk−1. We remark that the first results of the above
nature appearing in print, as far as we know, are due to Xudong Fu [49]. Fu used
a minimally unsatisfiable pattern which he called a Flower to achieve the above
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result. But Flowers have 2k−1(r+k−1) clauses and 2k−1r+k−1 variables. Since
the difference between clauses and variables in Rk,r is 1, whereas the difference
is (2k−1 − 1)(k − 1) in the case of Flowers, we chose to present Rk,r instead.

Improving on the above result is hard. An obvious initial attempt consists
of finding minimally unsatisfiable clause patterns where the ratio of variables to
clauses is higher than 1 and hopefully close to k (recall, a ratio of 1 is roughly
what is achieved above). But, the following result, which can be proved by
induction on the number of variables in a minimally unsatisfiable set and first
appeared in [9] (see also [11] and [68]), is discouraging:

Theorem 23 If φ is a minimally unsatisfiable CNF expression with m clauses,
then φ has less than m variables. �

Notice that Theorem 23 does not say anything about the number of literals in
a clause: it could be fixed at any k or different for each clause and the result
still holds.

Theorems 22 and 23 do not say that resolution fails to prove unsatisfiability
in polynomial time with high probability when m/n(k−1) → 0. These theorems
suggest only that looking for clause patterns which cause an algorithm such as
RW to succeed often for such values of m/n is likely not to bear fruit. However,
a deeper and illuminating argument shows that resolution can’t be successful,
with high probability, for a wide range of m/n values.

A number of papers consider the probabilistic performance of resolution for
random unsatisfiable (n, m, k)-CNF expressions (for example, [11, 12, 24, 49]).
The following two results are noteworthy.

Theorem 24 For k > 3, an unsatisfiable random (n, m, k)-CNF expression
has only exponential size resolution proofs, with probability tending to 1, if
m/n(k+2)/4−ǫ < 1 for any ǫ > 0. A random (n, m, 3)-CNF expression has only
exponential size resolution proofs, with probability tending to 1, if m/n6/5−ǫ < 1,
for any ǫ > 0. �

Theorem 25 There exists a DPLL variant which verifies the unsatisfiability of
a random (n, m, k)-CNF expression in polynomial time with probability tending
to 1 when m/n > (n/ log(n))k−2. �

The fact that no resolution result better than that of Theorem 25 has been
found is surprising: it seems hard to imagine that RW is so close to what is
best possible for resolution. But a result of [12] shows that at least some natural
DPLL variants cannot do much better. These pessimistic results motivate the
results of the next section.
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6.5 Algorithms for unsatisfiability: a spectral analysis

The pessimistic results obtained for verifying unsatisfiability via resolution al-
gorithms has motivated the search for alternatives. In this section a simple one
is presented and an analysis outlined. A decision is made based on counting
variables which must be set to 1 or 0 if a model exists.

The rough idea is as follows. Given a random (n, m, k)-CNF expression φ,
throw out all clauses except those containing all uncomplemented literals and
those containing all complemented literals. Let n+ be the minimum number of
variables that must be set to 1 to satisfy the uncomplemented clauses and let
n− be the number of varibles that must be set to 0 to satisfy the complemented
clauses. If n+ + n− > n then some variable must be set to both 1 and 0 if φ has
a model. But this is impossible so φ cannot have a model. Hence, this simple
counting argument provides a means to verify unsatisfiability. The only problem
is that finding n+ and n− is NP-complete. However, it may be sufficient merely
to approximate n+ and n− closely enough. The following explains how based
on work reported in [52] (warning: some simplifications have been made). We
start with this theorem which is obvious from the above discussion:

Theorem 26 If k-CNF expression φ has a model then there is a subset V ′ of
n/2 variables such that either φ has no all uncomplemented clause or no all
complemented clause taken strictly from V ′. �

For purposes of discussion fix k = 4. Construct two graphs G+ and G−, cor-
responding to the uncomplemented and complemented clause sets of φ, respec-
tively. Both G+ and G− have

(

n
2

)

vertices and each vertex of G+ and G− is
uniquely labeled by a pair of variables. An edge between two vertices of G+

exists if and only if the uncomplemented clause set of φ contains a clause con-
sisting of all variables labeling both its endpoints. An edge between two vertices
of G− exists if and only if the all complemented clause set of φ contains a clause
consisting of all variables labeling both its endpoints. It follows from Theorem 26
that

Theorem 27 If φ has a model, either G+ or G− has an independent set of size

greater than
(

n/2
2

)

≈ n2/8. �

The following theorem connects independent sets with eigenvalues.

Theorem 28 ([69]) Let G(V, E) be an undirected graph with vertex set V =
{1, ..., n′}. Let 0 ≤ p ≤ 1. Define n′ × n′ matrix AG,p such that AG,p(i, j) = 1 if
edge 〈i, j〉 /∈ E and AG,p(i, j) = 1−1/p otherwise (AG,p(i, i) = 1). Let λ1(AG,p)
be the largest eigenvalue of AG,p. Let α(G) be the size of the largest independent
set of G(V, E). For any possible p, λ1(AG,p) ≥ α(G). �

The problem of determining the eigenvalues of AG,p can be handled by the
following
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Theorem 29 (for example, [79]) The eigenvalues of AG,p can be computed with
relative error less than 2−b in time O((n′)3 + (n′ log2(n′)) log(b)). �

The G of matrix AG,p will be G+ once and G− once. The p parameter is set
to represent the probability that a pair of vertices of AG,p is connected by an
edge. That is,11 the number of clauses represented in G is about m′ = m/16 and

p = m′
(

n′

2

)

= (m/16)
(

n2

2

)

. A theorem such as the following can then be proved.

Theorem 30 (adapted from [52]) Let m′ = (ln7(n′)/2)n′ and p = m′
(

n′

2

)

=

ln7(n′)/(n′ − 1). With high probability,

λ1(AG,p) ≤ 2n′(1/(ln(n′))7/2)(1 + o(1)).

�

Theorems 28 and 30 give an adequate bound on the size of the independent sets
of G+ and G−. These results are used as follows. Suppose m = 16(ln(n2))7n2 =
16(27)(ln7(n))n2. Since n′ = n2 and m′ = m/16, AG,p has about

27(ln7(
√

n′))n′ = (ln7(n′))n′ edges chosen with probability p = ln7(n′)/(n′−1).
From Theorems 28 and 30 α(G+) ≤ n2/16 and α(G−) ≤ n2/16 with high
probability. Hence, with high probability the maximum independent set of G+

and of G− is less than that required in Theorem 27 and finding the eigenvalues
is enough to prove it in polynomial time. The general result is

Theorem 31 Random (n, m, k)-CNF expressions can be certified as unsatisfi-
able in polynomial time with high probability if m > nk/2+o(1), k ≥ 4, and if
m > n3/2+ǫ, ǫ an arbitrarily small constant, k = 3. �

6.6 Polynomial time solvable classes.

Expressions that are members of certain polynomial time solvable classes, such
as those defined in Section 4, are not generated frequently enough, for interesting
densities m/n, to assist in determining whether random (n, m, k)-CNF expres-
sions have models. This is unlike the case for random (n, m, p)-CNF expressions
(Definition 11, Page 19 and following). We illustrate with a few examples. When-
ever we use φ below it is to be understood that φ is a random (n, m, k)-CNF
expression.

First consider the frequency with which random (n, m, k)-CNF expressions
are Horn or hidden Horn. The probability that a clause is Horn is (k + 1)/2k.
Therefore, the probability that φ is Horn is ((k + 1)/2k)m which tends to 0 for
any fixed k. For a hidden Horn expression, regardless of switch set, there are

11The factor of 1/16 is due to G+ and G− representing, with high probability, 1/16 of the
m input clauses in the case that k = 4.

48



only k + 1 out of 2k ways (negation patterns) that a random clause can become
Horn. Therefore, the expected number of successful switch sets is 2n((k+1)/2k)m

which tends to 0 if m/n > 1/(k− log2(k + 1)). Thus, φ is not hidden Horn, with
probability tending to 1, if m/n > 1/(k − log2(k + 1)). Even when k = 3, this
is m/n > 1. But this bound can be improved considerably by finding complex
structures that imply an expression cannot be hidden Horn. Such a structure is
presented next.

The following result for q-Horn expressions is taken from [46]. For p =
⌊ln(n)⌋ ≥ 4, call a set of p clauses a c-cycle if all but two literals can be re-
moved from each of p−2 clauses, all but three literals can be removed from two
clauses, the variables can be renamed, and the clauses can be reordered in the
following sequence

{v1, v̄2}, {v2, v̄3} . . . {vi, v̄i+1, vp+1} . . . {vj , v̄j+1, v̄p+1} . . . {vp, v̄1} (8)

where vi 6= vj if i 6= j. We use the term “cycle” to signify the existence of
cyclic paths through clauses which share a variable: that is, by jumping from
one clause to another clause only if the two clauses share a variable, one may
eventually return to the starting clause. Given a c-cycle C ⊂ φ, if no two literals
removed from C are the same or complementary, then C is called a q-blocked
c-cycle.

If φ has a q-blocked c-cycle then it is not q-Horn. Let a q-blocked c-cycle in φ
be represented as above. Develop inequalities (4) and (5) for φ. After rearranging
terms in each, a subset of these inequalities is as follows

α1 ≤ Z − 1 + α2 − . . . (9)

. . .

αi ≤ Z − 1 + αi+1 − αp+1 − . . .

. . .

αj ≤ Z − 1 + αj+1 − (1− αp+1)− . . .

. . .

αp ≤ Z − 1 + α1 − . . . . (10)

From inequalities (9) to (10) we deduce

α1 ≤ pZ − p + α1 − (1− αp+1 + αp+1)− . . .

or
0 ≤ pZ − p− 1− . . .

where all the terms in . . . are non-negative. Thus, all solutions to (9) through
(10) require Z > (p + 1)/p = 1 + 1/p = 1 + 1/⌊ln2n⌋ > 1 + 1/nβ for any fixed
β < 1. This violates the requirement that Z ≤ 1 in order for φ to be q-Horn.

The expected number of q-blocked c-cycles can be found and the second
moment method applied to give the following result.
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Figure 12: A “criss-cross loop” of t = 3p + 2 clause nodes. Each box or clause
node represents a clause. An edge exists between two clause nodes if and only
if the two corresponding clauses have a variable in common and the edge is
labeled by that variable. Only “cycle literals” are shown in the nodes; “padding
literals,” required for k ≥ 3, are present but are not shown. Padding literals are
different from cycle variables of a criss-cross loop.

Theorem 32 A random (n, m, k)-CNF expression is not q-Horn, with proba-
bility tending to 1, if m/n > 4/(k2 − k). �

For k = 3 this is m/n > 2/3.

A similar analysis yields the same results for hidden Horn, SLUR, CC-
balanced, or extended Horn expressions. The critical substructure which causes
φ not to be SLUR is called a criss-cross loop. An example is shown is Fig-
ure 12. Looking at Figure 12 and Expression (8) we see that the SLUR and
q-Horn classes are vulnerable to certain types of “cyclic” structures. Most other
polynomial time solvable classes are similarly vulnerable to cyclic structures
of various kinds. But the generator of random expressions is relatively blind to
such cyclic structures: as m/n is increased, at some point cycles begin to appear
in φ in abundance and when this happens, “killer” cycles also show up. Hence,
cycles appear in abundance when m/n > 1/O(k2) and this is where “killer”
cycles appear too.

But the Matched class (see Definition 10, Page 19) is not affected by cycles
and consequently probabilistic analysis tells us that there are many “more”
Matched expressions than SLUR or q-Horn expressions. Let Q ⊂ φ be any
subset of clauses of φ. Define the neighborhood of Q, denoted V(Q), to be the
set of variables that occur in Q. Recall the bipartite graph Gφ contains two
vertex sets Cφ and V φ, where the elements of Cφ are the clauses of φ, the
elements of V φ are the variables of φ, and the edges of Gφ connect v ∈ V φ to
c ∈ Cφ just when variable v appears (complemented or uncomplemented) in
clause c. Thus V(Q) is also the set of vertices in V φ adjacent to the vertices
corresponding to Q.

Definition 33 Define the deficiency of Q, denoted δ(Q), as δ(Q) = |Q| −
|V(Q)|, that is, the excess of clauses over distinct variables in those clauses.
A subset Q ⊆ Cφ is said to be deficient if δ(Q) > 0. �
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The following theorem is well known.

Theorem 34 (Hall’s Theorem [57])
Given a bipartite graph with vertex sets V φ and Cφ, a matching that includes
every vertex of Cφ exists if and only if no subset of Cφ is deficient. �

Theorem 35 Random (n, m, k)-CNF expressions are Matched expressions with
probability tending to 1 if m/n < r(k) where r(k) is given by the following
table [46].

k r(k)
3 .64
4 .84
5 .92
6 .96
7 .98
8 .990
9 .995

10 .997

Theorem 35 may be proved by finding a lower bound on the probability
that Gφ has a matching that includes every vertex of Cφ. By Theorem 34 it is
sufficient to prove an upper bound on the probability that there exists a deficient
subset of Cφ, then show that the bound tends to 0 for m/n < r(k) as given in
the theorem. Using the first moment method, a sufficient upper bound is given
by the expected number of deficient subsets.

These results are interesting for at least two reasons. First, Theorem 35
says that random expressions are Matched expressions with high probability if
m/n < r(k) and r(k) is roughly 1. But, by Theorem 32 and similar results,
random expressions are almost never one of the well-studied classes mentioned
earlier unless m/n < 4/(k2 − k). This is somewhat disappointing because all
the other classes were proposed for rather profound reasons, usually reflecting
cases when corresponding instances of integer programming present polytopes
with some special properties. And in spite of all the theory that helped establish
these classes, the Matched class, ignored in the literature because it is so trivial
in nature, turns out to be, in some probabilistic sense, much bigger than all the
others.

Second, the results provide insight into the nature of larger classes of poly-
nomial time solvable expressions. Classes vulnerable to “killer” cycles appear to
be handicapped relative to classes that are not. In fact, the Matched class may
be generalized considerably to larger polynomial time solvable classes such as
Linear Autarkies [71, 74].
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6.7 Randomized algorithms: upper bounds

Exploitable properties have been used to find 2n(1−ǫ) upper bounds on the num-
ber of steps needed to solve a given k-CNF expression, φ. The first non-trivial
upper bound is found in the classic paper of Monien and Speckenmeyer [78] and
is based on the notion of autark assignments. An assignment to a set of variables
is said to be autark if all clauses that contain at least one of those variables are
satsfied by the assignment. If an autark assignment is found during search, it is
sufficient to fix the autark assignment below that point in the search: that is,
backtracking to consider other values for the variables of the autark assignment
is unnecessary at the point the autark assignment is discovered. An example is
an assignment causing a pure literal to have value 1: clearly, it is unnecessary
to expand the search space with a pure literal set to 0. The search algorithm
analyzed in [78] is a DPLL variant which branches on all assignments to the
variables of a shortest width clause except the one falsifying the clause. Such
assignments either produce a clause of shorter width or are autark. This provides
an upper bound of O(αn

k ), where αk is the largest real root of the equation

αk
k − 2αk−1

k + 1 = 0.

Thus, if k = 3, the upper bound is O(1.618n) steps. The bound increases with
increasing k and approaches O(2n). A number of more complex variants have
been studied and the best bounds obtained in this way, so far, appear to be
O(1.505n) [70] and O(1.497n) [88] for 3-SAT.

Better bounds have been obtained for probabilistic algorithms. A family
of such algorithms exploit a relationship between the structure of a k-CNF
expression and structure of the space of models expressed in terms of isolated
models and critical clauses [80]. A j-isolated model is a model with exactly n− j
assignment neighbors differing in one variable that are also models. If j is close
to n, the set of such models, called nearly isolated, for a given k-CNF expression
has a relatively “short” description. Thus, a nearly isolated model, if one exists,
is relatively easy to find by searching the space of relatively “short” descriptions.
The important observation is that any satisfiable k-CNF expression either has
a nearly isolated model or has very many models. In either case, a model can
be found relatively quickly.

Short descriptions depend on the notion of critical clauses. If M is a model
but reversing variable vi in M is not a model, then there must exist a clause
with exactly one literal that has value 1 under M and that literal is either vi if
vi ∈M or v̄i if vi /∈M . This clause is said to be critical for variable i at model
M . A critical clause cannot be critical for two different variables at the same
model. Therefore, a j-isolated model has j critical clauses.

A description of a model can be encoded in fewer than n bits as follows. Let
π be a permutation of {1, 2, ..., n}. Let M be a model for a k-CNF expression
φ. Define a string xM ∈ {0, 1}n such that xM

i = 1 if and only if vi ∈M (that is,
vi is assigned value 1). An encoding of xM with respect to π, written Iπ(xM ),
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is a permuation of its bits according to π but with the ith bit deleted for any
i such that 1) there is a critical clause for the variable vπi

at M ; and 2) vπi
or

v̄πi
is the last literal in the clause if literals are ordered by π.

An encoding can be efficiently decoded. That is, a model M can be recovered
efficiently from its encoding as described above. This is done by starting with
the original expression φ, assigning values to variables, one at a time, in order,
according to π, and reducing φ accordingly. Bits of the encoding are used to
decide values of assignment M except in the case that the reduced φ has a unit
clause consisting of the current variable, in order, or its complement. In that
case, the current variable is set to satisfy that clause. This leads to the following
lemma.

Lemma 36 - The Satisfiability Coding Lemma (from [80]) - If M is a j-
isolated model of a k-CNF expression φ, then its average (over all permutations
π) description length under the encoding Iπ(xM ) is at most n− j/k. �

This has inspired the algorithm shown in Figure 13. Notice the algorithm essen-
tially randomly chooses a permutation π and then simultaneously 1) attempts
a decoding according to π; and 2) checks a potential satisfying assignment ac-
cording to π. Performance of the algorithm is given by the following.

Theorem 37 (from [80]) The algorithm of Figure 13 runs in O(n2|φ|2n−n/k)
time and finds a model for a given satisfiable k-CNF expression with probability
tending to 1. �

The complexity is easy to see. The following outlines the reason the probability
of finding a model tends to 1. Suppose φ has a j-isolated model xM . Fix j
critical clauses as above. By Lemma 36, the average number (over all π) of
critical variables that appear last among the variables in their critical clauses is
at least j/k. Since the maximum number of critical variables is n, for at least
1/n fraction of the permutations the number of such variables is at least j/k.
Therefore, the probability that there are at least j/k critical clauses where the
critical variables occur last for π (the variable choices for a single round of the
algorithm) is at least 1/n. Since xM is j-isolated, if the algorithm is to output
xM it makes at most n − j/k random assignments. So the probability that
the algorithm outputs xM on a round is at least 2−n+j/k/n. A straightforward
summation over all models for φ determines a bound on the probability that
the algorithm gives up.

An improved randomized algorithm which uses RandomSatSolver of Fig-
ure 13 is given in [81]. It finds a model, when one exists, for a 3-CNF expression
with probability tending to 1 in O(1.362n) steps. The algorithm is peculiar be-
cause its performance actually deteriorates as the number of models for a given
expression increases [60]. This is likely due to the emphasis of the algorithm
on finding nearly isolated models and the lack of intelligence in looking for
non-isolated models.
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Procedure RandomSatSolver (φ)
Input: a k-CNF expression φ with n variables.
Output: either “give up” or a model for φ.

begin

repeat the following n22n−n/k times {
M := ∅;
V := {v : ∃C ∈ φ such that v ∈ C or v̄ ∈ C};
φ′ := φ;
while V 6= ∅ do the following {

if ∅ ∈ φ′ break; // No assignment extension will be a model

if φ′ = ∅ return M ;
randomly choose v ∈ V ;
if {v} ∈ φ′ then

M := M ∪ {v};
φ′ := {C − {v̄} : C ∈ φ′, v /∈ C};

else if {v̄} ∈ φ′ then
φ′ := {C − {v} : C ∈ φ′, v̄ /∈ C};

else with probability 1/2 do the following
M := M ∪ {v};
φ′ := {C − {v̄} : C ∈ φ′, v /∈ C};

else do the following
φ′ := {C − {v} : C ∈ φ′, v̄ /∈ C};

V := V \ {v};
}

}
return “give up”;

end;

Figure 13: A randomized algorithm for finding a model for a satisfiable k-CNF
expression.
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Procedure SLS (φ)
Input: a k-CNF expression φ with n variables.
Output: either “give up” or a model for φ.

begin
V := {v : ∃C ∈ φ such that v ∈ C or v̄ ∈ C};
repeat the following n(2(1− 1/k))n times {

M := ∅;
for each v ∈ V set M := M ∪ {v} with probability 1/2;
repeat the following 3n times {

Let φ′ := {C ∈ φ : ∀v ∈ C, v /∈M and ∀v̄ ∈ C, v ∈M};
if φ′ = ∅ return M ;
randomly choose C ∈ φ′;
randomly choose literal l ∈ C;
if l is a positive literal v then M := M ∪ {v};
otherwise, if l is a negative literal v̄ then M := M \ {v};

}
}
return “give up”;

end;

Figure 14: A local-search randomized algorithm for finding a model for a satis-
fiable k-CNF expression. The factor n in the repeat loop can be improved but
is good enough for the purposes of this exposition.

A better randomized algorithm for 3-CNF expressions, which is based on
local search, is presented in [90] and shown in Figure 14. Each round of this
algorithm begins with an assignment that is hoped to be fairly close to a model.
Then, for 3n iterations, single variable assignment flips are made, attempting
to eliminate all falsified clauses. After 3n iterations, if a model is not found, it
is unlikely that the assignment chosen at the beginning of the round is close to
a model, so the round terminates and another assignment is picked on the next
round and the process repeats.

Theorem 38 (adapted from [90]) The algorithm of Figure 14 has complexity
O(n|φ|(2(1−1/k))n) and finds a model for a given satisfiable k-CNF expression
with probability tending to 1. �

For 3-CNF expressions, this algorithm has O(1.333n) complexity. Contrary to
the randomized algorithm of Figure 13, the performance of this algorithm im-
proves as the number of models of an input increases. This observation is ex-
ploited in an algorithm presented in [60] where a round begins with a random
assignment τ and then the 3n local search steps of SLS and the O(n) Davis-
Putnam steps of RandomSatSolver are run on τ . The resulting algorithm

55



has complexity O(1.324n) for 3-CNF expressions.

6.8 Results inspired by statistical mechanics

New CNF algorithms, startlingly successful, have been developed by observing
similarities in CNF structure and models of matter. We describe one here for
the purpose of illustrating the impact non-rigorous methods may have on future
SAT algorithm development.

We are concerned with the CNF structure that arises from the bipartite
graph Gφ introduced on Page 50. Recall, given CNF expression φ, Gφ has vertex
set V φ corresponding to variables, vertex set Cφ corresponding to clauses, and
edge set E such that for v ∈ V φ and c ∈ Cφ, 〈v, c〉 ∈ E if and only if clause
c has either literal v or v̄. It has been observed that if Gφ has few “short”
cycles and φ has no model, then φ is a hard problem for resolution. For random
(n, m, k)-CNF expressions, not only are cycles “long” but the minimum length
cycle grows logarithmically with n for fixed m/n. Even when m/n is such that a
random expression has a model with high probability, it is difficult for a variety
of proposed algorithms to find such a model when m/n is greater than a certain
threshold (about 4 in the case of random (n, m, 3)-CNF expressions).

At the core of the statistical physics of disordered systems is the spin glass
problem. A model of a spin glass contains binary variables, σ1, σ2, σ3, ..., called
spins taking values +1 or -1, and energy relationships E1, E2, E3, ... among small
groups of neighboring spins. This model can be represented graphically, as de-
picted in Figure 15, where circled vertices are spins, boxed vertices are energy
functions, and edges show the dependence of each energy function on spins. Such
a graph is bipartite: there is no edge between a pair of circle vertices and no
edge between a pair of box vertices. It is a general rule in physics that systems
tend to migrate toward their minimum energy (that is maximum entropy) state.
Thus, the spin glass problem is to determine the minimum energy of a given
spin glass model.

The spin glass problem is analogous to the problem of determining a model
for a given CNF expression: spins take the role of Boolean variables, energy
functions take the role of clauses, and energy corresponds to clauses satisfied.
Thus, if the minimum energy of a spin glass is 0, the corresponding CNF expres-
sion has a model and if the minimum energy is greater than 0, the expression
has no model. Energy functions consistent with the so called Ising model and
expressing this behavior for k literal clauses composed of literals taken from
variables vi1 , vi2 , ..., vik

corresponding to spins σi1 , σi2 , ..., σik
are

Ei = 2
k
∏

r=1

1 + Jr
i σir

2

where Jr
i is +1 if the rth literal of the ith clause is complemented and -1 if it is
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Figure 15: Model of a spin glass. Variables σ1, σ2, ..., called spins, are binary
taking values +1 or -1. Functions E1, E2, ... are energy functions, each of which
depends on a small number of neighboring spins. The spin glass problem is to
find spin values which minimize the total energy of a given collection of energy
functions.
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uncomplemented12. Thus, the energy of clause {v1, v̄2, v̄3} is (1−σ1)(1+σ2)(1+
σ3)/4. Observe this is 0 if σ1 = +1, σ2 = −1, or σ3 = −1 and is 2 otherwise.
The energy of an entire system of m energy functions is

E =

m
∑

i=1

Ei.

All clauses are satisfied if and only if the energy of the analogous spin glass is
0.

Where can physicists help? They can make assumptions analogous to those
that apply to the physical world and thereby aim for a level of understanding
that computer scientists would not have thought of. It is natural in physics to
consider the probability distribution of spins:

Pr(σ1, σ2, ..., σn) =
1

Z
e−

1
T

E

where T is temperature and Z is a normalizing constant. This distribution fol-
lows from the observation that a system in equilibrium tends to seek its highest
entropy, or equivalently, lowest energy state. At T = 0, the lowest energy states
are the only significant terms contributing to this distribution (non-rigorously)
and, given a system of energy functions as defined above, one is interested in the
distribution at the 0, or lowest possible, energy state. It can be calculated in a
fairly straightforward manner for each spin separately due to the assumption of
a thermodynamic limit: that is, limn→∞ E/n is bounded. By this assumption,
what is happening at any particular spin is independent of what is happen-
ing at nearly all other spins. Thus, probability distributions are assumed to be
decomposed into products of probability distributions of influential variables.

Let’s see how this may apply to k-CNF analogs. For simplicity of notation,
and without loss of generality, let Ei be a function of spins σ1, ..., σk. Let hj→i ·σj

be the energy contributed to Ei by the spin σj assuming the effect of Ei on σj

is disregarded. The h terms are called magnetic fields in physics. Let ui→j be
the contribution to the magnetic field of spin σj from Ei. Consider the marginal
distribution for σ1 of Ei. If the Ising model is assumed, one writes

∑

σ2,...,σk

e−
1
T

(Ei−h2→i·σ2−...−hk→i·σk) = e
1
T

(wi→1+ui→1·σ1).

Since one is interested in the case T = 0, this simplifies to

min
σ2,...,σk

{Ei − h2→i · σ2 − ...− hk→i · σk} = −wi→1 − ui→1 · σ1.

For the k-CNF problem, Ei has been given on Page 56 and

wi→1 = |h2→i|+ ... + |hk→i| − θ(J2
i · h2→i) · ... · θ(Jk

i · hk→i)

ui→1 = −J1
i · θ(J2

i · h2→i) · ... · θ(Jk
i · hk→i)

12The factor of 2 is explained below.
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where θ(x) = 1 if x > 0 and θ(x) = 0 if x ≤ 0. Interpreting hj→i > 0 as
evidence that σj should be +1 and hj→i < 0 as evidence that σj should be -1
to minimize the ith energy function (satisfy the ith clause), wi→1 + ui→1 · σ1 =
|h2→i| + ... + |hk→i| if for any σ2...σk the evidence supports the current value
of the corresponding spin, or if no support by these h variables is given and σ1

has a value which minimizes the ith energy function. But wi→1 + ui→1 · σ1 =
|h2→i|+ ...+ |hk→i|−2 if σ1 is not set to minimize Ei and no support is given for
any of σ2, ..., σk (the ith clause is falsified). This explains the factor of 2 used in
defining clausal energy on Page 56. The minimum energy of the entire system
given spin, say σj , has a particular value is

E|σj
= C −

∑

i:σj∈Ei

wi→j − σj

∑

i:σj∈Ei

ui→j

where C is some constant. Write

hj =
∑

i:σj∈Ei

ui→j . (11)

Let Qi→j(u) be the probability distribution of ui→j . Let Pj→i(h) be the prob-
ability distribution of the contribution of hj to function Ei. Suppose energy
functions Eπ1

, ..., Eπp
influence spin σj . By independence of distributions, which

follows from the assumption of thermodynamic limit,

Pj→i(h) = Cj→i

∑

u1,...,up:
∑

p

x=1
ux=h

Qπ1→j(u1) · ... ·Qπp→j(up)ey|h|.

For each spin σj of Ei, let σπ′

1
, ..., σπ′

p′

be the remaining spins of Ei.

Let θ(J
π′

1

i · h1) · ... · θ(J
π′

p′

i · hp′) be denoted by wi,1...p′ . Write

Qi→j(u) = Ci→j

∑

h1, ..., hp′ :

u = −Jj
i · wi,1...p′

Pπ′

1
→i(h1) · ... · Pπ′

p′
→i(hp′)e−y·wi,1...p′ .

The terms Ci→j and Cj→i are normalizing constants and y is a parameter
which expresses the rate of change of complexity with respect to E/n, and
complexity is a measure of the number of different energy states possible. Since
this information is not known generally, y must be guessed.

The values for Qi→j(u) and Pj→i(h) may be computed by the algorithm
of Figure 16. It is then a simple matter to determine Pj(h), the distribution
for the field acting on spin σj . But the value of Pj(h) suggests a setting for
spin σj which minimizes energy: namely, +1 if

∑

h>0 Pj(h) >
∑

h<0 Pj(h) and
-1 if

∑

h>0 Pj(h) <
∑

h<0 Pj(h). If
∑

h>0 Pj(h) =
∑

h<0 Pj(h) or Ph(0) = 1
no bias is detected. This suggests the algorithm of Figure 17 for solving CNF
expressions: assign values to “biased” variables first, recomputing Pj(h) after
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each variable is assigned, then apply a standard SAT solver to complete the
assignment.

Considerable success has been reported with this approach [75] on random
(n, m, k)-CNF expressions and also some benchmarks which have been consid-
ered hard for a variety of SAT solvers. What is different about the method
discussed here? First, it provides a way to choose initial variables and values,
based on apparent probability distributions, that is intelligent enough to know
when to stop. Traditional methods for choosing the first so many variables to
branch on will choose as many values and variables that the user would like.
Mistakes higher up the search process are very serious and, if made, can result
in very long searches at the lower end. The method of Mézard and Zecchina
seems to make few mistakes on many expressions. By maximizing entropy, vari-
able/value choices tend to result in reduced expressions such that an additional
variable choice will yield essentially the same reduced subexpressions regardless
of its value. Second, more interdependence of CNF components is taken into ac-
count. We illustrate with the well-known Johnson heuristic [61] which chooses
a variable and assigns a value so as to maximize the probability that a 0 en-
ergy state (a model) exists assuming clauses are statistically independent (an
unlikely situation). Although successful in several cases, this heuristic cannot
really see very far ahead of the current state. But the method of Mézard and
Zecchina is designed to, in some sense, explore all possible energy states for
a given expression or subexpression, particularly the lowest energy states, and
present statistics on those states and their causes.
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Procedure SP (Gφ)
Input: bipartite graph Gφ relating energy functions to spins.
Output: set of distributions of all spin fields.

begin
for all energy function Ei to spin σj edges in Gφ define:

Qi→j(u) =







ci→j if u = 0

1− ci→j if u = Jj
i

0 otherwise
and initialize ci→j randomly;

repeat the following until convergence {
select an energy function Ei;
for each spin σj input to Ei compute Pj→i(h) =

Cj→i

∑

u1,...,up:
∑

p

x=1
ux=h

Qπ1→j(u1) · ... ·Qπp→j(up)ey|h|;

where Eπ1
, ..., Eπp

are functions depending on spin σj except Ei

and Cj→i is a normalizing constant;

for each spin σj input to Ei let θ(Jπ1

i · h1) · ... · θ(J
πp′

i · hp′)
be denoted by wi,1...p′ (that is, from Page 58, wi,1...p′

denotes wi→j − |hπ′

1
| − ...− |hπ′

p′

| where σπ′

1
...σπ′

p′

are spins of

Ei) and compute Qi→j(u) =

Ci→j

∑

h1, ..., hp′ :

u = −Jj
i · wi,1...p′

Pπ′

1
→i(h1) · ... · Pπ′

p′
→i(hp′)e−y·wi,1...p′

}
Compute Pj(h) =

Cj

∑

u1,...,up+1:
∑

p+1

x=1
ux=h

Qπ1→j(u1) · ... ·Qπp+1→j(up+1)ey|h|.

where Eπ1
...Eπp+1

are functions depending on spin σj ;
return Pj(h) for all j;

end;

Figure 16: An algorithm for computing the distributions Pj(h).
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Procedure SID (φ)
Input: a CNF expression φ.
Output: either “unsatisfiable” or a model for φ.

begin
repeat the following indefinitely {

M := ∅;
establish Gφ and variables ui→j ;
randomly choose values for ui→j ;
repeat the following until ∅ ∈ φ {

run SP on Gφ to evaluate Pj(h);
if Pj(h) = 0 except at h = 0 for all j then {

apply a SAT solver to φ;
if it finds a model then return that model;

}
for all σj , let w−

j =
∑

h<0 Pj(h) and w+
j =

∑

h>0 Pj(h);

choose σj such that |w+
j − w−

j | is a maximum;

if w+
j > w−

j then σj := +1; else σj := −1;

if σj = +1 then {
M := M ∪ {vj};
φ := {C \ {v̄j} : C ∈ φ, vj /∈ C};

} else
φ := {C \ {vj} : C ∈ φ, v̄j /∈ C};

while there exists a unit clause {l} ∈ φ do the following {
if l is an uncomplemented literal then M := M ∪ {l};
φ := {C \ {l̄} : C ∈ φ, l /∈ C};

}
if φ = ∅ then return M ;

}
}

end;

Figure 17: An algorithm for solving a CNF expression based on maximizing
entropy.
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[29] N. Creignou and H. Daudé, Smooth and sharp thresholds for random k-
XOR-CNF satisfiability, Theoretical Informatics and Applications 37 (2003)
pp. 127–148.
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