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Abstract

Existing methods for solving influence diagrams are
mostly based on the bottom-up dynamic programming
technique. These methods may waste computation in
solving decision scenarios that have zero probabilities
or are unreachable from any initial state by following
an optimal decision policy. Heuristic search was ap-
plied in (Qi & Poole 1995) to address these limita-
tions, but their algorithm uses a trivial infinity upper
bound and fails to fully utilize the potential of heuris-
tic search. This paper develops an improved heuristic
search algorithm for solving influence diagrams based
on a more informative upper bound computed by re-
laxing the models. The algorithm is shown to be able
to significantly improve the efficiency and scalability of
existing methods for solving influence diagrams.

1 Introduction
An influence diagram (Howard & Matheson 1981) pro-
vides a compact and intuitive representation of the rela-
tions between random variables, decisions, and preferences
in a domain and offers a popular framework for deci-
sion making under uncertainty. Numerous algorithms have
been developed to solve influence diagrams (Bhattachar-
jya & Shachter 2007; Jensen, Jensen, & Dittmer 1994;
Shenoy 1992; Zhang 1998; Qi & Poole 1995; Cooper 1988;
Shachter 1986; Olmsted 1983). Most of these algorithms,
whether they build a secondary structure or not, are based
on the bottom-up dynamic programming approach. They
start by solving small low-level decision problems and grad-
ually build on the results to solve larger problems until the
solution to the global-level decision problem is found. The
drawback of these methods is that they may waste compu-
tation in solving decision scenarios that have zero probabil-
ities or are unreachable from any initial state by following
an optimal decision policy. Qi and Poole propose to address
this problem using heuristic search (Qi & Poole 1995), but
their method uses the trivial infinity upper bound to guide
the search. A more informative upper bound needs to be
developed to fully utilize the potential of heuristic search.

This paper develops an improved heuristic search algo-
rithm for solving influence diagrams. We first note that, for
an influence diagram of a partially observable domain, we
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Figure 1: Four maze domains.

can build an upper-bound influence diagram that not only is
simpler but also provides an upper bound for the maximum
expected utility of the original influence diagram (Nilsson
& Hohle 2001). We then use a strong jointree of the upper-
bound influence diagram to compute the probabilities and
upper-bound utilities needed in an AND/OR graph search
algorithm to find an optimal policy graph for the original in-
fluence diagram. Our empirical results show that the new al-
gorithm can significantly improve the efficiency of the state-
of-the-art solution methods for influence diagrams on large
decision problems.

2 Maze Exploration Problem
Figure 1 shows four instances of the maze exploration prob-
lem (Horsch & Poole 1998; Littman, Cassandra, & Kael-
bling 1995). The shaded tiles stand for walls, and the white
tiles walkable space. The tiles with a star are the goal states.
An agent is randomly placed at a non-goal state and tries to
reach the goal. The agent has four sensors, one in each di-
rection, which can sense whether there is wall in the neigh-
boring tile of that direction. However, the sensors are noisy.
It can detect wall correctly with probability 0.9, and it may
give false alarm with probability 0.05. Based on the results
of the sensors, the agent decides whether to move to a neigh-
boring tile. The action is also noisy. The agent may fail to



move with probability 0.089, move to the next tile success-
fully with probability 0.89, move sideways with probability
0.02 (0.01 each side way), and move backward with proba-
bility 0.001. But all directions with walls will be assigned 0
probabilities. Remaining probabilities are normalized.

Since the actions are noisy, we may never reach the goal.
The number of actions, also called the number of horizons,
cannot be determined in advance. A two-horizon decision
problem of the maze problem can be modeled using an influ-
ence diagram as shown in Figure 2(a). We define influence
diagram in the next section.

3 Influence Diagram
An influence diagram is a directed acyclic graph G con-
taining variables V of a decision domain. The variables
in the diagram can be classified into three groups, V =
X ∪ D ∪ U, where X are the oval-shaped chance vari-
ables specifying the uncertain decision environment, D are
the square-shaped decision variables specifying the possible
decisions to be made in the domain, and U are the diamond-
shaped utility variables representing a decision maker’s pref-
erences. Similar to Bayesian networks, each variable Xi ∈
X is associated with a conditional probability distribution
P (Xi|Pa(Xi)), where Pa(Xi) is the set of parents of Xi

in G. Each decision variable Dj ∈ D has multiple states,
each state corresponding to a possible action. Incoming
arcs into a decision variable are called information arcs,
which require the chance variables originating these arcs
to be observed before the decision is made. These vari-
ables are called the information variables of the decision.
No-forgetting is typically assumed for an influence diagram,
i.e., the information variables of earlier decisions are also
information variables of later decisions, even though no ex-
plicit information arcs exist between them. In this paper
we work with limited-information influence diagrams (LIM-
IDs) (Lauritzen & Nilsson 2001) with explicit information
arcs. Finally, each utility node Ui ∈ U represents a function
that maps each configuration of its parents to a utility value
standing for the preference of the decision maker. Utility
variables typically do not have other variables as children
except multi-attribute utility/super-value variables.

In the influence diagram in Figure 2(a), xi and yi
stand for the location coordinates of the agent at time i.
{nsi, esi, ssi, wsi} are the sensor readings in four directions
for the same time point. di is the decision to be made by the
agent as to which neighboring tile to move to based on all
the previous sensor readings and actions. The utility vari-
able u assigns a reward depending on whether or not the
agent reaches the goal state after the last action is taken.

The decision variables in an influence diagram are typi-
cally assumed to be temporally ordered, i.e., the decisions
have to be made in a particular order. Suppose there are n
decision variables D1, D2, ..., Dn in an influence diagram.
The decision variables partition the variables in X into a col-
lection of disjoint sets I0, I1, ..., In. For each k(0 < k < n),
Ik is the set of chance variables that must be observed be-
tween Dk and Dk+1. I0 is the set of initial evidence vari-
ables that must be observed before D1. In is the set of vari-
ables left unobserved when decisionDn is made. Therefore,
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Figure 2: (a) An example influence diagram and (b) its
strong jointree. The numbers in both figures stand for the
indices of the variables. The node with “R” is the strong
root.

a partial order ≺ is defined on the influence diagram over
X ∪D as follows:

I0 ≺ D1 ≺ I1 ≺ ... ≺ Dn ≺ In. (1)

A solution to the decision problem defined by an influ-
ence diagram is a series of decision rules for the decision
variables. A decision rule for Dk is a mapping from each
configuration of its parents to one of the actions defined by
the decision variable. A decision policy is a series of deci-
sion rules with one decision rule for each decision variable.
The goal of solving an influence diagram is to find an opti-
mal decision policy that maximizes the expected utility. The
maximum expected utility is equal to∑
I0

max
D1

...
∑
In−1

max
Dn

∑
In

∏
i

P (Xi|Pa(Xi))
∑
j

Uj(Pa(Uj)).

In general, the summations and maximizations are not
commutable. The methods presented in Section 4 differ in
the various techniques they use to carry out the summations
and maximizations in the order.

One note here is that recent research has begun to relax the
assumption of ordered decisions. In particular, Jensen pro-
poses a framework called unconstrained influence diagram
which allows a partial ordering among the decisions (Jensen
2002). This framework is out of the scope of our current
research.

4 Existing Methods for Solving Influence
Diagrams

Many approaches have been developed for solving influence
diagrams. The simplest approach is to unfold an influence
diagram into a decision tree and solve it using dynamic pro-
gramming (Howard & Matheson 1981). Another approach



called arc reversal solves an influence diagram directly us-
ing techniques such as arc-reversal and node-removal (Olm-
sted 1983; Shachter 1986). Once a decision variable is
removed, we obtain the optimal decision rule for the de-
cision. Several methods reduce influence diagrams into
Bayesian networks by converting decision nodes into ran-
dom variables such that the solutions of certain inference
problems in the Bayesian networks correspond to the opti-
mal decision policy of the influence diagrams (Cooper 1988;
Zhang 1998). Another method (Shenoy 1992) transforms
an influence diagram into a valuation network and applies
variable elimination to solve the valuation network. A re-
cent work compiles influence diagrams into decision circuits
and use the decision circuits to compute the optimal poli-
cies (Bhattacharjya & Shachter 2007). Their method can
take advantage of local structures present in an influence di-
agram, such as deterministic relations.

Two other algorithms are more closely related to this re-
search and are discussed in the following.

4.1 The jointree algorithm
Another method solves an influence diagram using a strong
jointree (Jensen, Jensen, & Dittmer 1994). A jointree is
strong if it has at least one clique R, called strong root,
such that for any pair of adjacent cliques C1 and C2 with C1

closer to R than C2, the variables in separator S = C1 ∩C2

must appear earlier in the partial order defined in Eqn 1 than
C2 \ C1. A strong jointree for the influence diagram in Fig-
ure 2(a) is shown in Figure 2(b).

An influence diagram can be solved exactly by message
passing on the strong jointree. Each clique C on the jointree
contains two potentials, a probability potential ϕC and a util-
ity potential ψC . For clique C2 to send a message to clique
C1, ϕC1 and ψC1 should be updated as follows (Jensen,
Jensen, & Dittmer 1994):

ϕ′C1
= ϕC1 × ψS ; ψ′

C1
= ψC1 +

ψS

ϕS
;

where

ϕS =
∑
C2\S

ϕC2 ; ψS = max
C2\S

ϕC2 × ψC2 .

Contrary to the jointree algorithm for Bayesian net-
works (Lauritzen & Spiegelhalter 1988), only the collection
phase of the strong jointree is needed to solve an influence
diagram. After the collection phase, we can obtain the maxi-
mum expected utility by carrying out the remaining summa-
tions and maximizations in the root. We can further extract
the optimal decision rules for the decision variables from
some of the cliques that contain these variables.

Building a jointree for a Bayesian network may fail if the
jointree is too large to fit in memory. This is also true for
influence diagrams. The memory requirement of a strong
jointree for an influence diagram is even higher because of
the constrained order in Eqn 1. Consequently, the jointree
algorithm is typically infeasible for solving large influence
diagrams.
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Figure 3: (a) An AND/OR graph.

4.2 AND/OR Search Graph

If a decision maker strictly follows an optimal decision pol-
icy, s/he only needs to consider some of the decision scenar-
ios modeled in an influence diagram. The other decision sce-
narios will never occur because they either have zero proba-
bilities or are unreachable. A dynamic programming-based
method ignores this fact and solves all decision scenarios.
Much computation is wasted.

To address this limitation, Qi and Poole propose to com-
pile an influence diagram into an equivalent AND/OR graph
(or decision graph) and apply heuristic search to find an opti-
mal decision policy (Qi & Poole 1995). An AND/OR graph
is a directed acyclic graph whose nodes can be classified into
two types: AND nodes and OR nodes. AND nodes corre-
spond to chance variables, and OR nodes correspond to deci-
sion variables. Each AND/OR graph has exactly one root. A
utility value is associated with each arc originating from an
OR node. A probability is associated with each arc originat-
ing from an AND node. The probabilities of all the arcs from
an AND node sum to 1.0. Leaf nodes are terminals, each
with a utility value. Figure 3 shows a partial AND/OR graph
for the influence diagram in Figure 2(a). Oval-shaped nodes
are AND nodes, and square-shaped nodes are OR nodes.

We then define valuation functions for each node in an
AND/OR graph as follows: (a) If a terminal node, the value
of its valuation function is equal to its utility value; (b) if an
AND node, the value of its valuation function is the sum of
the values of its children nodes weighted by the probabilities
of the outgoing arcs; (c) if an OR node, the value of its valu-
ation function is the maximum of the summed utility values
of each child node and corresponding arc.

A policy graph of an AND/OR graph is a subgraph such
that: (a) it consists of the root of the AND/OR graph; (b)
if a non-terminal AND node is in the policy graph, all its
children is in the policy graph; and (c) if a non-terminal OR
node is in the policy graph, exactly one of its children is
in the policy graph. The solution to an AND/OR graph is
the policy graph with the maximum expected utility at the
root. Heuristic search can be applied to search for an optimal
policy graph of the AND/OR graph. In order for heuristic
search to be effective, it is necessary to have informative
upper bounds that measure how good a partial policy graph
is and choose to expand the most promising search branches
first. However, Qi and Poole’s method (Qi & Poole 1995)
uses the trivial infinity upper bound during the search and
effectively reduces to an uninformed search algorithm.



5 An Improved Heuristic Search for Solving
Influence Diagrams

In this section we present an improved heuristic search al-
gorithm that relies on an informative upper bound in solving
an influence diagram. We first discuss how to construct a
relaxed upper-bound model for an influence diagram of par-
tially observable domains. We then describe how to use a
strong jointree of the upper-bound model to efficiently com-
pute the upper bounds and probabilities needed by a heuris-
tic search algorithm for solving the influence diagram.

5.1 Upper-bound influence diagrams
Intuitively, the more information, the better decisions can be
made. This is the basic idea behind our proposed method.
We let the decision variables of an influence diagram obtain
extra information. Since any decision policy of the original
influence diagram is part of a policy of the augmented influ-
ence diagram, we can easily prove that the resulting model
has a higher or equal maximum expected utility.

Adding extra information variables only makes sense if
the augmented influence diagram can be further made sim-
pler than the original model. The key observation is that
certain variables make some or all of the existing infor-
mation variables non-requisite. An information variable
Ii is said to be non-requisite (Nielsen & Jensen 1999;
Lauritzen & Nilsson 2001) for a decision node D if

Ii ⊥ (U ∩ de(D))|D ∪ (Pa(D) \ {Ii}). (2)

where de(D) are the descendants ofD. A reduction of an in-
fluence diagram is obtained by deleting all the non-requisite
information arcs (Nilsson & Hohle 2001). We have the fol-
lowing theorem.
Theorem 1 A reduced influence diagram has the same max-
imum expected utility as the original influence diagram.
Proof: We can prove the theorem by contradiction. If the
reduced influence diagram has a decision policy with higher
maximum expected utility, we can augment the decision pol-
icy by prescribing the same optimal decision for any states of
the non-requisite variables, because these variables are con-
ditionally independent from the utility variables given the
decision and other information variables. Consequently the
augmented decision policy has the same maximum expected
utility, leading to contradiction. Similarly, if the original in-
fluence diagram has a higher maximum expected utility, we
can project its optimal decision policy to the reduced influ-
ence diagram by ignoring the non-requisite variables, which
also results in contradiction. �

Although reduction does not affect the expected utility, it
does affect the constrained order in Equation 1, because the
information variables are not restricted to appear before their
decision anymore, which may result in an order with smaller
constrained treewidth (Dechter & Rish 2003).

To select the extra information variables with such prop-
erty, we apply a method proposed in (Nilsson & Hohle
2001). Let nd(X) be the non-descendant variables of vari-
ableX , fa(X) be Pa(X)∪{X}, fa(X) be ∪Xi∈Xfa(Xi),
and △j be {D1, ...Dj}. We have the following theo-
rem (Nilsson & Hohle 2001).

2

Minimum 

Sufficient

Information

Set

DPast state Future state 

1

3

U

Figure 4: Relations between past and future information
states and the minimum sufficient information set.

Theorem 2 For an influence diagram with the constrained
order in Equation 1, if we add to each decision variable Dj

the following additional information variables in the order
of j = n, ..., 1,

Nj = argminB⊆(Bj∩nd(Dj)){|B||fa(△j)

⊥ (U ∩ de(Dj))|(B ∪ {Dj})}, (3)

where

Bj =

{
U ∪D j=n,
∩k
i=j+1{n ∈ V |n ⊥ (U ∩ de(dj))|fa(di)} j<n,

the following holds for any Dj in the resulting influence di-
agram:

(de(Dj) ∩U) ⊥ fa(△i−1)|fa(Dj). (4)

Readers are referred to (Nilsson & Hohle 2001) for the
proof of the theorem. We name Nj as the minimum suffi-
cient information set (MSIS) ofDj . The intuition behind the
method can be illustrated graphically using Figure 4. The
shaded oval shows the MSIS set ND of decision D. The
past state affects the variables in ND ∪ {D}, illustrated by
the arc labeled 1, and ND ∪ {D} affects the future state,
as illustrated by arc 2. The future state further determines
the values of the utility variables. ND ∪ {D} d-separates
the past and future states and prevents the direct influence
shown by arc 3. Essentially, decision D tries to obtain the
most informative information about the current state in or-
der to choose a best action to affect the future state so as to
maximize the expected values of its descendant utility vari-
ables. The minimum sufficient information set is related to
extremality defined in (Zhang 1998) and blocking defined
in (Nielsen & Jensen 1999).

To construct an upper-bound influence diagram, we find
the MSIS set for each decision in the order ofDn, ..., D1 and
add them as information variables to the corresponding de-
cisions. We then delete the non-requisite information arcs.
The resulting influence diagram guarantees to provide an up-
per bound on the maximum expected utility of the original
influence diagram.

Note that the information set Nj may contain the exist-
ing information variables Pa(Dj). In that case Dj simply
obtain more information. More often than not, however, the
information set makes some or all variables in Pa(Dj) non-
requisite. This is especially true for partially observable
domains. In such a decision problem, we cannot directly
observe the state of a system. We can only rely on indi-
rect information, such as sensor readings, to infer the state.
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Figure 5: (a) the upper-bound influence diagram for the dia-
gram in Figure 2(a), and (b) its strong jointree.

For such domains, the MSIS set typically contains the state
variables, which means direct knowledge about the system
state. The direct knowledge makes indirect sensor readings
non-requisite and typically results in a simpler model. This
is an especially effective way to deal with the complexity
brought by the no-forgetting assumption.

We use the influence diagram in Figure 2(a) as an
example. The information set for d1 is originally
{ns0, es0, ss0, ws0, d0, ns1, es1, ss1, ws1}. We find that its
minimum sufficient information (MSIS) set is {x1, y1}. We
also find that the MSIS set for d0 is {x0, y0}. By adding
{x1, y1} and {x0, y0} as information variables to d1 and d0
respectively and reducing the influence diagram, we obtain
the much simpler influence diagram in Figure 5(a). The
strong jointree for the new influence diagram is shown in
Figure 5(b), which is also much smaller than the strong join-
tree for the original model. Essentially, the upper-bound in-
fluence diagram assumes the actual location is directly ob-
servable to the agent, which renders all the previous sensor
readings nonrelevant any more. This effectively transforms
a partially observable decision problem into a fully observ-
able one. The resulting influence diagram and, hence, its
jointree is much easier to solve. Arguably, most of the real-
world decision problems are partially observable and can be
tackled using this method.

Another way to look at the strong jointree of the upper-
bound influence diagram is that it allows commuting the
maximizations and summations when computing the max-
imum expected utility. In other words, we choose summa-
tions or maximizations for the variables according to the
original influence diagram but carry them out in an order
that is consistent with the upper-bound influence diagram.
Similar to MAP problems (Park & Darwiche 2003), the
commutation generates an upper bound for the maximum
expected utility for the original influence diagram.

It is also shown that finding the minimum sufficient in-
formation (MSIS) set for a decision variable in an influence
diagram is equivalent to finding a minimum separating set
in the moralized graph of the influence diagram (Acid & de

Campos 1996; Nilsson & Hohle 2001). In particular, Acid
and de Campos (Acid & de Campos 1996) propose an al-
gorithm based on the Max-flow Min-cut algorithm (Ford &
Fulkerson 1956) for finding a minimum separating set be-
tween two sets of nodes in a Bayesian network with some
of the separating variables being fixed. We can apply the
algorithm to find the MSIS sets. The two sets of nodes are
fa(△j) and U∩de(Dj). The only fixed separating variable
is Dj . The algorithm first introduces two dummy variables,
source and sink, to the moralized graph. The source is con-
nected to the neighboring variables of fa(△j), and the sink
to the neighboring variables of U∩de(Dj). We then create a
max-flow network out of the undirected graph by assigning
each edge capacity 1.0, solving which produces a minimum
separating set between the sink and source that contains Dj .

It is possible that multiple minimum separating sets exist.
The algorithm in (Acid & de Campos 1996) finds the one
that is closest to the second variable set. It is also a sensible
choice for our problem because more recent information is
typically more informative (Jensen 2002).

5.2 Efficient AND/OR graph search for solving
influence diagrams

The relaxed influence diagram of last section can be used to
compute an upper bound on the maximum expected utility
of the original influence diagram (Nilsson & Hohle 2001).
We show in this section how to use the relaxed influence
diagram to compute upper bounds for the maximum ex-
pected utilities of all the decision scenarios encountered in
searching for an optimal decision policy. The main idea is
to build a strong jointree for the upper-bound influence di-
agram and use efficient incremental jointree evaluation to
compute these bounds. Similar techniques have been used
in computing upper bounds for finding MAP solutions in
Bayesian networks (Yuan & Hansen 2009).

Constructing AND/OR graph Since the goal is to find an
optimal decision policy for the original influence diagram,
we have to construct an AND/OR graph that is consistent
with the original constrained order. For the influence dia-
gram in Figure 2(a), the partial order is

{ns0, es0, ss0, ws0} ≺ {d0} ≺ {ns1, es1, ss1, ws1}
≺ {d1} ≺ {x0, y0, x1, y1, x2, y2, u}. (5)

Its upper-bound influence diagram and jointree are shown
in Figure 5. The AND/OR graph used in (Qi & Poole 1995)
has alternating AND and OR layers, as shown in Figure 3.
Each AND node corresponds to the information set of a de-
cision. Each OR node corresponds to a decision. However,
the joint probability distributions of all the information sets
that are needed in order to construct such an AND/OR graph
are often not readily available.

Instead, we construct an AND/OR graph based on the
structure of the strong jointree in Figure 5(b). We first need
to expand the variables in {ns0, es0, ss0, ws0} according
to the order in Equation 5. The jointree does not have a
clique that contains all four variables. Actually they are all
in different cliques. So we expand the variables one by one.
That means the first four layers of our AND/OR graph are
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Figure 6: AND/OR graph used in our approach.

all AND layers. An AND/OR graph does not necessarily
have to alternate between AND and OR layers. Figure 6
shows part of our AND/OR graph. Although our AND/OR
graph has more layers, it can naturally utilize the probabil-
ities and utilities computed by the jointree. If we start by
expanding ns0, we need the probabilities of P (ns0) to label
the outgoing arcs. We can readily look up the probabilities
from clique (0, 1, 2) after an initial full jointree evaluation.
Note that we use the jointree of the relaxed influence dia-
gram to compute the probabilities. We can do that because
these probabilities are the same as those computed from the
original influence diagram. This is due to the fact that the
same set of actions will reduce both models into the same
Bayesian networks. Relaxing an influence diagram only
changes the expected utilities of the decision variables.

After expanding ns0, we expand any of {es0, ss0, ws0}.
Suppose the next variable is es0, we need the conditional
probabilities of es0 given ns0. These probabilities can be
computed by setting the state of ns0 as new evidence to the
jointree and evaluate the jointree again. The same process is
used to expand {ss0, ws0}.

Note that we do not have to expand one variable at a time.
If a clique has multiple variables in the same information set,
the variables can be expanded together because a joint prob-
ability distribution over them can be easily computed. Ex-
panding them together also saves the need to do marginaliza-
tion. For example, variables x1, y1, x2, y2 (7,8,14,15) are in
the same information group and also reside in a same clique.
We can expand them as a single layer in the AND/OR graph.

After {ns0, es0, ss0, ws0} are expanded, we expand d0
as an OR layer. This is where the upper bounds are needed.
We set the states of {ns0, es0, ss0, ws0} as evidence to the
jointree and compute the expected utility values for d0 by
reevaluating the jointree. The expected utilities of d0 are
upper bounds for the same decision scenarios of the origi-
nal model. We can use the upper bounds to select the most
promising decision alternative to search first. The exact
value will be returned once the subgraph is searched. If the
value is higher than the upper bounds of the remaining deci-
sion alternatives, these alternatives are immediately pruned
because they cannot be part of an optimal decision policy.
We repeat the above process until a complete policy graph is
found.

Incremental jointree evaluation It is clear that repeated
jointree evaluation has to be performed in computing the up-
per bounds and conditional probabilities. A naive approach

is at each time to set the states of instantiated variables as ev-
idence and perform a full jointree evaluation. However, that
is too costly. We can use an efficient incremental jointree
evaluation method to compute the probabilities and upper-
bound utilities.

The key idea is that we can choose a particular order of the
variables that satisfies the constraints of Eqn 5 such that an
incremental jointree evaluation scheme can be used to com-
pute these information. Given such an order, we know ex-
actly which variables have been searched and which variable
will be searched next at each search step. We only need to
send messages from the parts of the jointree that contain the
already searched variables to a clique with the next search
variable. For example, after we search es0, the only mes-
sage needs to be sent to obtain P (ns0|es0) is the message
from clique (0, 1, 3) to (0, 1, 2). There is no need to eval-
uate the whole jointree. If we choose the following search
order for the maze problem

ns0, es0, ss0, ws0, d0, ns1, es1, ss1, ws1, d1, x0, y0,

x1, y1, x2, y2,

we can use an incremental message passing in the direction
of the dashed arc in Figure 5(b) to compute the probabilities
and upper bounds needed in one downward pass of a depth-
first search.

Both message collection and distribution are needed in
this new scheme, unlike evaluating a strong jointree for the
original influence diagram. The messages being propagated
contain two parts: utility potentials and probability poten-
tials. The distribution phase is typically needed to compute
the conditional probabilities. For example, suppose we de-
cide to expand es0 before ns0, we have to send message
from clique (0, 1, 3) to (0, 1, 2) to obtain P (ns0|es0). We
only need to send the probability potential in message dis-
tribution. We do not need to send utility potentials because
past payoffs do not count towards the expected utilities of
future decisions.

Efficient backtracking in DFBnB We use depth-first
branch-and-bound (DFBnB) to utilize the efficient incre-
mental bound computation. Depth-first search makes sure
that the search need not jump to a different search branch
before backtracking is needed. In other words, the jointree
only needs to work with one search history at a time.

We do need to backtrack to a previous search node once
we finish a search branch or realize that a search branch is
not promising and should be pruned. We need to retract all
the newly set evidence since the generation of that search
node and restore the jointree to a previous state. One way
to achieve this is to reinitialize the jointree with correct ev-
idence and perform a full jointree evaluation, which is too
costly. We propose to cache the potentials and separators
along the message propagation path before changing them
by either setting evidence or overriding them with new mes-
sages. When backtracking, we simply restore the most re-
cently cached potentials and separators in the reverse order.
The jointree will be restored to the previous state with no
additional computations. This backtracking method is much
more efficient than reevaluating the whole jointree.



Jointree DFBnB+policy graph DFBnB+expected utility
maze #horizons time (ms) memory (MB) time (ms) memory (MB) time (ms) memory (MB)

a 2 16 12.2 172 4.1 141 4.3
3 500 318.0 5,438 16.5 5,438 6.8
4 - - 304,766 552.3 300,750 10.4
5 - - - - 20,736,937 15.2

b 2 16 12.2 171 4.7 156 4.9
3 578 318.0 8,484 22.3 8,578 7.6
4 - - 512,188 894.6 510,125 11.5
5 - - - - 25,242,156 16.5

c 2 15 12.2 140 5.2 125 5.3
3 500 318.0 6,375 23.5 6,422 8.5
4 - - 461,453 838.8 325,094 12.6
5 - - - - 15,275,281 17.9

d 2 15 12.2 141 5.7 141 6.0
3 563 318.0 6,031 22.4 6,078 9.2
4 - - 423,875 894.6 412,938 13.7
5 - - - - 17,065,531 19.3

Table 2: Running time (milliseconds) and memory (MB) of three algorithms, the jointree algorithm, DFBnB+infinity bound,
and DFBnB+jointree bound, in solving the maze problem with different number of horizons. “policy graph” means the search
graph is stored. “expected utility” means search graph is not stored. “-” shows failure of the algorithm because memory
requirement is greater than the amount of available memory (4GB).

number of horizons size of last decision rule
2 4,096
3 262,144
4 16,777,216
5 1,073,741,824

Table 1: The size of the last decision rule for the maze do-
main with different numbers of horizons.

6 Empirical Evaluation
Our DFBnB algorithm for solving influence diagrams has
two versions. If the goal is to find the optimal policy graph,
the algorithm has to keep the search graph in the memory.
Otherwise if the goal is only to compute the maximum ex-
pected utility, there is no need to store the search graph. The
algorithm only needs to keep track of one search path dur-
ing the search. This will significantly reduce the memory re-
quirement of the search and improves its scalability. We de-
note these two search algorithms as “DFBnB+policy graph”
and “DFBnB+expected utility” respectively.

We compared our algorithms against the jointree algo-
rithm (Jensen, Jensen, & Dittmer 1994) on the four maze
problems in Figure 1. The jointree algorithm is not affected
by the type of tasks because a strong jointree has to be built
in both cases. Experiments were performed on a 3.2 GHz
processor with 4 gigabytes of RAM running a 64-bit version
of Windows XP.

First, because of the no-forgetting assumption, the last
decision of an influence diagram has all the previous deci-
sions and their information variables as its own information
variables and, hence, has the largest decision rule. As the
number of horizons increases, the size of the last decision

rule grows exponentially. Table 1 shows the sizes for the
maze influence diagrams with different number of horizons.
Clearly the difficulty of solving these influence diagrams in-
creases rather quickly.

We tested the algorithms on the maze influence diagrams
with up to 5 horizons. Table 2 lists the running time and
the amount of memory used by the algorithms. For small-
horizon influence diagrams, the jointree algorithm is most
efficient. This is because the strong jointrees for these influ-
ence diagrams are rather small and can be built successfully.
Once the jointrees are built, only one collection phase is nec-
essary in solving the influence diagram. For the DFBnB al-
gorithms, although their jointrees are even smaller, they have
to perform repeated message propagation to compute upper
bounds and probabilities during the search.

However, the jointree algorithm failed in solving the maze
models with more than 3 horizons, because the strong join-
trees are too large to fit in memory. The “DFBnB+policy
graph” algorithm could solve the maze models with up to
4 horizons. But it failed on the 5-horizon models because
the policy graphs became too large. The “DFBnB+expected
utility” algorithm could solve the 5-horizon models. In fact,
the amount of memory needed by this algorithm is propor-
tional to the depth of the AND/OR search graph and only
grows linearly. Therefore, this algorithm can theoretically
solve the maze models with a large number of horizons with-
out running out of memory. However, the amount of running
time needed may quickly become too prohibitive.

We note that the statistics of the jointree algorithm across
the different maze problems are rather similar. This is be-
cause the influence diagrams for the maze problems share
the same structures and differ only in the parameters. The
jointree algorithm is not affected much by the parameters.



However, the parameters determine the asymmetry of a
search problem, which in turn affects the search efficiency.
The results show that the DFBnB algorithms have rather
different performance on the different maze problems. An-
other observation is that although whether to store the search
graph or not affects the scalability of the DFBnB algorithms,
it does not affect the efficiency of the search by that much.

7 Concluding Remarks
This paper develops an improved heuristic search algorithm
for solving influence diagrams. We made two major con-
tributions in the algorithm. First, we propose an efficient
approach for using the jointree algorithm to compute up-
per bounds for AND/OR graph search. The main idea is to
first generate an upper-bound influence diagram by allowing
each decision variable to obtain extra information. A join-
tree of the upper-bound influence diagram is then used to
compute upper bounds for a heuristic search. Second, we
propose a new approach for constructing an AND/OR graph
based on the structure of the strong jointree of the upper-
bound influence diagram. Our results show that the new
algorithms significantly improves the state-of-the-art join-
tree algorithm. The maze domain used in our experiments
is a classical problem used in the research community of
partially observable Markov decision processes (POMDPs).
However, our proposed methods are applicable to more gen-
eral influence diagrams.
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