
Notes on Bounded Model Checking:
How does SBSAT fit in?

1 Sequential circuits

A sequential circuit differs from a combinational circuit in that output values depend not only on
current input values but also on the history of change of those values. This is modeled by a digraph
such as the one in Figure 1 with each node representing a state of all outputs and intermediate
values based on some input change history and each arc labeled by input(s) whose value(s) is(are)
changing causing a transition from one state to another. Each transition from one state to another
is referred to below as a time step.

2 Time-dependent expressions for sequential circuits

Let a circuit property be expressed as a Boolean expression (totally propositional). An example of
a property for a potential JK flip flop might be J ∧ K ∧ Q meaning that it is possible to have an
output Q value of true if both inputs J and K have value true.

The following time-dependent expressions typically need to be proved for a sequential circuit.

1. For every path (in a corresponding digraph) property P is true at the next time step.

2. For every path property P is true at some future time step.

3. For every path property P is true at every future time step.

4. For every path property P is true until property Q is true.

5. There exists a path such that property P is true at the next time step.

6. There exists a path such that property P is true at some future time step.

7. There exists a path such that property P is true at every future time step.

8. There exists a path such that property P is true until property Q is true.

3 Verifying time-dependent expressions via Boolean expressions

Construct a Boolean expression which must have value true if and only if the desired time-dependent
expression holds. The Boolean expression must have the following parts:

1. Components which force the property or properties of the time dependent expression to hold.

2. Components which establish the starting state.

3. Components which force legal transitions to occur.

In order for the Boolean expression to remain of reasonable size it is generally necessary to
bound the number of time steps in which the time-dependent expression is to be verified.
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Figure 1: A state machine representing a sequential circuit

3.1 Example [1]

Consider a simple 2-bit counter whose outputs are represented by variables v1 (LSB) and v2 (MSB).
Introduce variables vi

1 and vi
2 whose values are intended to be the same as those of variables v1 and

v2, respectively, on the ith time step. Suppose the starting state is the case where both v0
1 and v0

2

have value 0. The transition relation is

Current Output Next Output
00 : 01
01 : 10
10 : 11
11 : 00

which can be expressed as the following Boolean function:

(vi+1
1 ⇐⇒ ¬vi

1) ∧ (vi+1
2 ⇐⇒ vi

1 ⊕ vi

2).

Suppose the time-dependent expression to be proved is:

Can the two-bit counter reach a count of 11 in exactly three time steps?

Assemble the propositional formula having value true if and only if the above query holds as
follows (the conjunction of the following three parts):
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1. Force the property to hold:

(¬(v0
1 ∧ v0

2) ∧ ¬(v1
1 ∧ v1

2) ∧ ¬(v2
1 ∧ v2

2) ∧ (v3
1 ∧ v3

2))

2. Express the starting state:
(¬v0

1 ∧ ¬v0
2)

3. Force legal transitions (repetitions of the transition relation):

(v1
1 ⇐⇒ ¬v0

1)∧(v1
2 ⇐⇒ v0

1⊕v0
2)∧(v2

1 ⇐⇒ ¬v1
1)∧(v2

2 ⇐⇒ v1
1⊕v1

2)∧(v3
1 ⇐⇒ ¬v2

1)∧(v3
2 ⇐⇒ v2

1⊕v2
2)

The reader may check that the following satisfy the above expressions:

v0
1 = 0, v0

2 = 0, v1
1 = 1, v1

2 = 0, v2
1 = 0, v2

2 = 1, v3
1 = 1, v3

2 = 1.

It may also be verified that no other assignment of values to vi
1 and vi

2, 0 ≤ i ≤ 3, satisfies the
above expressions.

Information on the use and success of Bounded Model Checking may be found in [].

4 How can SBSAT be adapted for BMC?

An easy adaptation consists of using one SMURF for each repetition of the transition relation, one
SMURF for expressing the property to verify, and one SMURF for expressing the initial state. The
problem is in the transition relations. Although we expect a given transition relation not to be of
unreasonably large size, when expressed as a SMURF it will certainly be much too unwieldly to do
anything about. The reason is our SMURFs attempt to hold far more information than is needed
to represent the rules of the transition relation. In particular, since our SMURFs are blind to order
of variable assignments because they are designed expecting to move from an unassigned value to
an assigned value, they will represent many illegal transitions from assigned variable to reassigned
variable if built as we currently build them.

The only solution I see is to disallow illegal transitions when the SMURFs are constructed. This
probably requires adding an illegal state (the missing “0” state) and forcing all illegal transitions to
point to that state. Weights on edges of such transitions would be set to the highest value possible to
avoid any attempt by the search process to take such transitions. Finding illegal transitions during
SMURF construction is fairly straightforward and any overhead incurred is more than compensated
by the fact that copies of the same SMURF get used many many times (up to whatever time step
we wish to verify some property).

Observe that constructing SMURFs this way is pretty much the same as simply making copies
of the state machine describing the circuit into SMURFs. In other words, the search process should
amount to something like a reachability test on a large graph (at least for some BMC problems).
To me this sounds like a pretty obvious idea that others must have tried. It behooves us to check
to see whether this is so.

5 Example

Use the transition function for a 2-bit counter. There are four states, call them s0, s1, s2, s3.
Assume a clock input (for illustration only - this should not really be needed). Assume a single
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output variable which takes value 1 only in state s3 and value 0 otherwise. Define variables clocki

and outputi with the meaning that clocki will take the value of input clock on the ith time step and
similarly for outputi. Use si

0, si
1, si

2, si
3 to denote states of SMURFs, where i represents a time step.

Use the following expressions to describe the transitions (there is one set of the following for each
0 ≤ i ≤ k (k is used to bound the number of time steps), all of a set of expressions is one SMURF,
namely the ith SMURF - observe that most states are shared between “adjacent” SMURFs and
that most variables show up in just two SMURFs):

si

0 ∧ clocki → si+1
1

si

1 ∧ ¬clocki → si+1
2

si

2 ∧ clocki → si+1
3

si

3 ∧ ¬clocki → si+1
0

The meaning of the first line is “if the ith SMURF is in state si
0 and clocki has value 1, then

transition to state si+1
1 .” The meaning of the other lines is similar. The following is a logic

expression “conjoined” with the SMURFs above (use k to bound the number of time steps):

∧

0≤i≤k

clocki ⇐⇒ ¬clocki+1

and this is conjoined with
clock0 = 1

Thus, the last two expressions imply that clock0 = 1, clock1 = 0, clock2 = 1, and so on. Suppose
we want to know if s3 is reachable in four time steps from s0. Then k = 3 and we construct the
following SMURFs:

SMURF 0 SMURF 1 SMURF 2 SMURF 3
s0
0 ∧ clock0 → s1

1 s1
0 ∧ clock1 → s2

1 s2
0 ∧ clock2 → s3

1 s3
0 ∧ clock3 → s4

1

s0
1 ∧ ¬clock0 → s1

2 s1
1 ∧ ¬clock1 → s2

2 s2
1 ∧ ¬clock2 → s3

2 s3
1 ∧ ¬clock3 → s4

2

s0
2 ∧ clock0 → s1

3 s1
2 ∧ clock1 → s2

3 s2
2 ∧ clock2 → s3

3 s3
2 ∧ clock3 → s4

3

s0
3 ∧ ¬clock0 → s1

0 s1
3 ∧ ¬clock1 → s2

0 s2
3 ∧ ¬clock2 → s3

0 s3
3 ∧ ¬clock3 → s4

0

How might we find a legal set of transitions leading to sx
3 , say (where x is unknown)? Some

heuristic might choose the transition s2
2 ∧ clock2 → s3

3 from SMURF 2 (in our language, SMURF
2 is satisfied). At this point, since we wish to find any path to and sx

3 , we can remove SMURF 3
from consideration (possibly to return later if we need to change our selection of transition). There
is no violation of constraints here since clock2 must have value 1. This forces SMURF 1 to be
in state s2

2 on step 2. Transition s1
1 ∧ ¬clock1 → s2

2 then applies (and is the only one to apply)
satisfying SMURF 1 (it is consistent with clock1 = 0) and forces SMURF 0 to be in state s1

1 on
step 1. Transition s0

0 ∧ clock0 → s1
1 applies satisfying SMURF 0. Since s0

0 is the starting state, all
SMURFs are satisfied and all other constraints (initial state, clock, etc.) are as well. So we have
found a solution without having to start from a start state.

Observe our heuristic could not have selected s3
2 ∧ clock3 → s4

3 from SMURF 3 since clock3

must be 0. It could have selected s3
3 ∧ ¬clock3 → s4

0 from SMURF 3 and this would have forced
s2
2 ∧ clock2 → s3

3 from SMURF 2, s1
1 ∧ ¬clock1 → s2

2 from SMURF 1, and s0
0 ∧ clock0 → s1

1 from
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Figure 2: A simple sequential circuit.

SMURF 0, leading to a solution. It could also have selected s3
1 ∧ ¬clock3 → s4

2 from SMURF 3
which would have forced s2

0 ∧ clock2 → s3
1 from SMURF 2, s1

3 ∧ ¬clock1 → s2
0 from SMURF 1,

and s0
2 ∧ clock0 → s1

3 from SMURF 0, resulting in a contradiction (maybe inconsistency is a better
term).

Please observe, we can select transitions anywhere among SMURFs. Some may be forced but
that is generally not the case.

6 Sliders

An elementary slider is a boolean expression of the following kind. Let f(x1, ..., xk) be a boolean
function of k variables. Let v1, ..., vn be a set of n input variables. Let π1, ..., πk−1 be a subset of
numbers from 2,...,n and suppose π1 < ... < πk−1. Then

∧

1≤i≤n−πk−1

gi ⊕ f(v1+i, vπ1+i, ..., vπk−1+i)

is an elementary slider. Sliders can generally be solved by SBSAT much faster than by Chaff.

There seems to be a aimple relationship between elementary sliders and bounded model check-
ing. Consider circuits of the type shown in Figure 2. The long rectangular gridded symbol at top
is a k − 1 place shift register. It takes one input and is clocked. There is also a counter that is
clocked. The counter feeds into a function g which has one output. The function f takes k of the
shift register values as input. The output of f is exclusive-ored with the output of g to give the
output value of the circuit, named h.
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Figure 3: A general sequential circuit.

A simple property we might check with this circuit is whether there exists an input sequence such
that h is always true for the first n values of input (as determined by the clock). This property holds
if and only if there exists an assignment of values to {v1, ..., vn} of the corresponding elementary
slider such that the slider has value true. Thus, solving the corresponding elementary slider answers
the question about the circuit.

7 Sliders and general sequential circuits

We want to show that BMC for any sequential circuit can be expressed as a slider problem. The
important part is expression the transition relation since the other parts are relatively simple
Boolean expressions conjoined with the transition equations. For each iteration we need to model
an expression that maps a state and “variable” value(s) to another state. Figure 3 represents this
mapping. This figure is not much different schematically than the circuit of Figure 2. The box
labeled State holds an integer value which is updated by a clock tick. The updated value is used
as input to f along with the input lines. So, a slider can easily be used to model general sequential
transition functions provided:

1. Provision for more than one input variable is taken into account.

2. Additional expressions are added to maintain consistency in states from one interation to the
next. Figure 2 illustrates that such additional functions may not be needed.
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Since states are merely integers, point 2 above can easily be taken care of by modifying sliders
to allow using a previous output as input. Thus,

∧

1≤i≤n−πk−1

hi = gi ⊕ f(hi−1, v1+i, vπ1+i, ..., vπk−1+i)

so the transition information becomes embedded completely within f .
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