
1 Efficient Transformation to CNF Formulas

We discuss an algorithm, due to Tseitin [?], which efficiently transforms an
arbitrary Boolean formula φ to a CNF formula ψ such that ψ has a model
if and only if φ has a model and if a model for ψ exists, it is a model for φ.
The transformation is important because it supports the general use of many
of the algorithms which are described in following sections and require CNF
formulas as input.

The transformation can best be visualized graphically. As discussed in
Section ??, any Boolean formula φ can be represented as a binary rooted
acyclic digraph Wφ where each internal vertex represents some operation on
one or two operands (an example is given in Figure ??). Associate with each
internal vertex x of Wφ a new variable vx not occurring in φ. If x represents
a binary operator Ox, let vl and vr be the variables associated with the left
and right endpoints, respectively, of the two outward oriented edges of x (vl
and vr may be variables labeling internal or leaf vertices). If x represents the
operator ¬ then call the endpoint of the outward oriented edge vg. For each
internal vertex x of Wφ write the logical equivalence

vx ⇔ (vl Ox vr) if Ox is binary, or
vx ⇔ ¬vg if vertex x represents ¬.

For each equivalence there is a short, functionally equivalent CNF expres-
sion. The table of Figure 1 shows the equivalent CNF expression for all 16
possible binary operators where each bit pattern in the left column expresses
the functionality of an operator for each of four assignments to vl and vr,
in increasing order, from 00 to 111. The equivalent CNF expression for ¬ is
(vg ∨ vx) ∧ (¬vg ∨ ¬vx).

The target of the transformation is a CNF formula consisting of all clauses
in every CNF expression from Figure 1 that corresponds to an equivalence
expressed at a non-leaf vertex of Wφ plus a unit clause that forces the root
expression to evaluate to 1. For example, the expression of Figure ??, namely

v0 ⇔ ((¬v0 ⇔ (v1 ∨ ¬v2)) ∧ (v1 ∨ ¬v2) ∧ (¬v2 → ¬v3 → v4)),

transforms to

(v0 ∨ vx1
) ∧ (¬v0 ∨ ¬vx1

) ∧
(v2 ∨ vx2

) ∧ (¬v2 ∨ ¬vx2
) ∧

(v3 ∨ vx3
) ∧ (¬v3 ∨ ¬vx3

) ∧
(¬v1 ∨ vx4

) ∧ (¬vx2
∨ vx4

) ∧ (v1 ∨ vx2
∨ ¬vx4

) ∧
(vx3
∨ vx5

) ∧ (¬v4 ∨ vx5
) ∧ (¬vx3

∨ v4 ∨ ¬vx5
) ∧

(vx1
∨¬vx4

∨¬vx6
)∧(¬vx1

∨vx4
∨¬vx6

)∧(¬vx1
∨¬vx4

∨vx6
)∧(vx1

∨vx4
∨vx6

) ∧
(vx2
∨ vx7

) ∧ (¬vx5
∨ vx7

) ∧ (¬vx2
∨ vx5

∨ ¬vx7
) ∧

(vx4
∨ ¬vx8

) ∧ (vx7
∨ ¬vx8

) ∧ (¬vx4
∨ ¬vx7

∨ vx8
) ∧

(vx6
∨ ¬vx9

) ∧ (vx8
∨ ¬vx9

) ∧ (¬vx6
∨ ¬vx8

∨ vx9
) ∧

(v0∨¬vx9
∨¬vx10

)∧ (¬v0∨vx9
∨¬vx10

)∧ (¬v0∨¬vx9
∨vx10

)∧ (v0∨vx9
∨vx10

) ∧

1See Operator, Boolean in the glossary for more details
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Ox Equivalent CNF Expression Comment

0000 (¬vx) vx ⇔ 0
1111 (vx) vx ⇔ 1
0011 (vl ∨ ¬vx) ∧ (¬vl ∨ vx)
1100 (vl ∨ vx) ∧ (¬vl ∨ ¬vx)
0101 (vr ∨ ¬vx) ∧ (¬vr ∨ vx)
1010 (vr ∨ vx) ∧ (¬vr ∨ ¬v)

0001 (vl ∨ ¬vx) ∧ (vr ∨ ¬vx) ∧ (¬vl ∨ ¬vr ∨ vx) vx ⇔ (vl ∧ vr)
1110 (vl ∨ vx) ∧ (vr ∨ vx) ∧ (¬vl ∨ ¬vr ∨ ¬vx)
0010 (¬vl ∨ ¬vx) ∧ (vr ∨ ¬vx) ∧ (vl ∨ ¬vr ∨ vx)
1101 (vl ∨ vx) ∧ (¬vr ∨ vx) ∧ (¬vl ∨ vr ∨ ¬vx) vx ⇔ (vl → vr)
0100 (vl ∨ ¬vx) ∧ (¬vr ∨ ¬vx) ∧ (¬vl ∨ vr ∨ vx)
1011 (¬vl ∨ vx) ∧ (vr ∨ vx) ∧ (vl ∨ ¬vr ∨ ¬vx) vx ⇔ (vl ← vr)
1000 (¬vl ∨ ¬vx) ∧ (¬vr ∨ ¬vx) ∧ (vl ∨ vr ∨ vx)
0111 (¬vl ∨ vx) ∧ (¬vr ∨ vx) ∧ (vl ∨ vr ∨ ¬vx) vx ⇔ (vl ∨ vr)

1001
(vl ∨ ¬vr ∨ ¬vx) ∧ (¬vl ∨ vr ∨
¬vx)∧
(¬vl ∨¬vr ∨vx)∧ (vl ∨vr ∨vx)

vx ⇔ (vl ⇔ vr)

0110
(¬vl∨vr∨vx)∧(vl∨¬vr∨vx)∧
(vl ∨ vr ∨¬vx)∧ (¬vl ∨¬vr ∨
¬vx)

vx ⇔ (vl ⊕ vr)

Figure 1: CNF expressions equivalent to vx ⇔ (vl Ox vr) for Ox as shown.
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(vx10
)

where each line except the last corresponds to an internal vertex xi of Wφ of
Figure ??, i increasing from 1 in left-to-right and bottom-to-top order, and
the new variables labeling those vertices are vx1

, . . . , vx10
correspondingly. The

last line forces the root expression to evaluate to 1. The algorithm of Figure 2
expresses these ideas formally. For simplicity, it is assumed that the input is
a well-formed formula, as described on Page ??.

The next two results show the algorithm does what is needed.

Theorem 1. Let φ be a well-formed formula and Vφ = {v0, v1, . . . , vn−1} the
set of n variables contained in it. The output of Algorithm 1 on input φ repre-
sents a CNF formula ψ, written (v0) if φ has no operators and otherwise writ-
ten (vi)∧ψφ, n ≤ i, where clause (vi) is due to the line “Set ψ ← {{Pop S}}”,
and ψφ is such that ψφ |vi=1 �Vφ ψφ |vi=0

2. In addition, ψ �Vφφ. That is,
any truth assignment MVφ ⊂ Vφ is a model for φ if and only if there is a truth

assignment M1 ⊂ {vn, vn+1, . . . , vi} such that MVφ ∪M1 is a model for ψ.

Proof. The output is a set of sets of variables and therefore represents a CNF
formula. The line “Set ψ ← {{Pop S}}” is reached after all input symbols are
read. This happens only after either the “Evaluate ‘¬s’ ” block or the “Push
S ← s” line. In the former case, vi is left at the top of the stack. In the
latter case, s must be v0, in the case of no operators, or vi from execution of
the “Evaluate ‘(vOw)’ block immediately preceeding execution of the “Push
S ← s” line (otherwise the input is not a well-formed formula). Therefore,
either v0, or vi is the top symbol of S when “Set ψ ← {{Pop S}}” is executed
so {v0} or {vi} is a clause of ψ.

We show ψ′ and ψ have the stated properties by induction on the depth of
the input formula φ. For improved clarity, we use � instead of �Vψ

φ′
below.

The base case is depth 0. In this case φ is the single variable v0 and n = 1.
The line “Push S ← s” is executed in the first Repeat block, then the line
“Set ψ ← {{Pop S}}” is executed so ψ = {{v0}}. Since L = ∅, execution
terminates. Obviously, ψ = φ so both hypotheses are satisfied.

For the induction step, suppose φ is a formula of positive depth k + 1 and
the hypotheses hold for all formulas of depth k or less. We show they hold for
φ. Consider first the case φ = ¬φ′ (φ′ has depth k). Algorithm 1 stacks ¬ in
the line “Push S ← s” and then, due to the very next line, proceeds as though
it were operating on φ′. The algorithm reaches the same point it would have if
φ′ were input. However, in this case, ¬ and a variable are on the stack. This
requires one pass through the “Evaluate ‘¬s’ ” block which adds “vi ⇔ ¬s”
to L and leaves vi as the only symbol in S. Thus, upon termination,

ψ = (vi) ∧ ψφ = (vi) ∧ (vi−1 ∨ vi) ∧ (¬vi−1 ∨ ¬vi) ∧ ψφ′

2The meaning of � is given on Page ??
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Algorithm 1.

WFF Transformation to CNF (φ)
/* Input φ is a well-formed formula as defined on Page ?? */
/* Output ψ is a CNF expression functionally equivalent to φ */
/* Assume variables of φ are labeled v0, v1, . . . , vn−1 */
/* Additional variables vn, vn+1, vn+2, . . . are created as needed */
/* Locals: stack S, integer i, quoted expression φq, set of clauses φc */

Set φq ← “φ”.
Next s← φq.
Repeat the following while φq 6= ∅:

If s is a variable and the symbol at the top of S is ¬,
Set i← i+ 1. // Evaluate ‘¬s’
Replace the top of S with vi.
Append L← “vi ⇔ ¬s”.
Next s← φq.

Otherwise, if s is ’)’,
Pop w ← S. // Evaluate ‘(vOw)’
Pop O ← S.
Pop v ← S.
Pop S.
Set i← i+ 1.
Append L← “vi ⇔ (v O w)”.
Set s← vi.

Otherwise, // Push an operator, positive variable, or ’(’ onto S
Push S ← s.
Next s← φq.

Set ψ ← {{Pop S}}
Repeat the following while L 6= ∅:

Pop ψq ← L.
If ψq equals “vj ⇔ ¬vg” for some vj and vg,

Set ψ ← ψ ∪ {{vj , vg}, {¬vj,¬vg}}.
Otherwise, ψq equals “vj ⇔ (vl O vr)” so do the following:

Build φc based on O, vj, vl, vr using the table of Figure 1.
Set ψ ← ψ ∪ φc.

Output ψ.

Figure 2: Algorithm for transforming a well-formed formula to an equivalent

CNF formula
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and vi is not in ψφ′ . Hence,

ψφ |vi=1 = ((vi−1 ∨ vi) ∧ (¬vi−1 ∨ ¬vi)) |vi=1 ∧ ψφ′

= (¬vi−1) ∧ ψφ′� (vi−1) ∧ ψφ′ (by the induction hypothesis and Lemma ??, Page ??)

= ((vi−1 ∨ vi) ∧ (¬vi−1 ∨ ¬vi)) |vi=0 ∧ ψφ′

= ψφ |vi=0 .

Next, we show ψ � φ for this case. The expression (vi) ∧ ψφ can evaluate
to 1 only when the value of vi is 1. Therefore, we can write

ψ = (vi) ∧ ψφ � ψφ |vi=1

= (¬vi−1) ∧ ψφ′� (vi−1) ∧ ψφ′ (from above)� φ′ (by ψ � φ induction hypothesis)� φ.

Finally, consider the case that φ = (φl O φr) (φl and φr have depth at
most k). The Algorithm stacks a ’(’ then, by the inductive hypothesis and
the recursive definition of a well-formed formula, completes operations on φa
which results in ψφl in L. The line “Set ψ ← {{Pop S}}” is avoided because
there are still unread input symbols. Thus, there are two symbols on the stack
at this point: a ’(’ which was put there initially and a variable. The symbol
O is read next and pushed on S by the line “Push S ← s”. Then ψφr is put in
L but again the line “Set ψ ← {{Pop S}}” is avoided because there is still a
’)’ to be read. Thus, the stack now contains ’(’, a variable, say vl, an operator
symbol O, and another variable, say vr. The final ’)’ is read and the “Evaluate
‘(vOw)’ ” section causes the stack to be popped, v ⇔ (vlOvr) to be added
to L, and variable vi to be put on S (in the final iteration of the first loop).
Therefore, upon termination,

ψ = (vi) ∧ ψφ = (vi) ∧ (vi ⇔ (vl O vr)) ∧ ψφl ∧ ψφr

where (vl) ∧ ψφl is what the algorithm output represents on input φl and
(vr) ∧ ψφr is represented by the output on input φr (some clauses may be
duplicated to exist both in ψφl and ψφr). Then,

ψφ |vi=1 = (vi ⇔ (vl O vr)) |vi=1 ∧ψφl ∧ ψφr
= (vl O vr) ∧ ψφl ∧ ψφr� ¬ (vl O vr) ∧ ψφl ∧ ψφr (induction hypothesis and Lemma ??)

= (vi ⇔ (vl O vr)) |vi=0 ∧ψφl ∧ ψφr
= ψφ |vi=0 .

It remains to show ψ � φ for this case. By the induction hypothesis, ψφl |vl=1� ψφl |vl=0. Therefore, for a given truth assignment MVφ, if there is an
extension such that vl has value 1 (0) and ψφl has value 0, then there is always
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an extension such that vl has value 0 (1), respectively, and ψφl has value 1.
Since, by the induction hypothesis, φl �(vl)∧ψφl , there is always an extension
such that ψφl has value 1 and vl has the same value as φl. The same holds for
vr and φr. Therefore,

ψ = (vi) ∧ ψφ � ψφ |vi=1

= ((vi) ∧ (vi ⇔ (vl O vr))) |vi=1 ∧ψφl ∧ ψφr� (vl O vr) ∧ ψφl ∧ ψφr� (φl O φr) � φ

Theorem 2. Algorithm 1 produces a representation using a number of sym-
bols that is no greater than a constant times the number of symbols the input
formula has if there are no double negations in the input formula.

Proof. Each binary operator in the input string accounts for a pair of paren-
theses in the input string plus itself plus a literal. Hence, if there are m binary
operators, the string has at least 4m symbols.

If there are m binary operators in the input string, m new variables asso-
ciated with those operators will exist in ψ due to the Append of the “Evaluate
‘(vOw)’ block. For each, at most 12 symbols involving literals, 12 involving
operators (both ∧ and ∨ represented as “,”), and 8 involving parentheses (rep-
resented as “{” “}”) are added to ψ (see Figure 1), for a total of at most 32m
symbols. At most m + n new variables associated with negations are added
to ψ (both original variables and new variables can be negated) due to the
Append of the “Evaluate ‘¬s’ ” block. For each, at most 4 literals, 4 opera-
tors, and 4 parentheses are added to ψ (from {vi, vj}, {¬vi,¬vj}), for a total
of 12(m + n) symbols. Therefore, the formula output by Algorithm 1 has at
most 44m+ 12n symbols.

Since n− 1 ≤ m, 44m+ 12n ≤ 56m+ 12. Therefore, the ratio of symbols
of ψ to φ is not greater than (56m+ 12)/4m = 14 + 3/m < 17.

The next result shows that the transformation is computed efficiently.

Theorem 3. Algorithm 1 has O(m) worst case complexity if input formulas
do not have double negations, where m is the number of operators, and one
symbol is used per parenthesis, operator, and variable.

Proof. Consider the first Repeat block. Every right parenthesis is read once
from the input, is never stacked, and results in an extra loop of the Repeat
block due to the line “Set s← vi” in the first Otherwise block. Since all other
symbols are read once during an iteration of the Repeat block, the number
of iterations of this block is the number of input symbols plus the number of
right parentheses. Since the number of operators (m) must be at least one
fifth of the number of input symbols, the number of iterations of the Repeat
block is no greater than 10m. Since all lines of the Repeat block require unit
time, the complexity of the block is O(m).
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The second Repeat block checks items in L, in order, and for each makes
one of a fixed number of substitutions in which the number of variables is
bounded by a constant. An item is appended to L every time a ¬ or right
parenthesis is encountered and there is one right parenthesis for every binary
operator. Thus there arem items in L and the complexity of the second Repeat
block is O(m). Therefore, the complexity of the algorithm is O(m).

If φ contains duplicate subformulas, the output will consist of more vari-
ables and CNF blocks than are needed to represent a CNF formula equivalent
to φ. This is easily remedied by implementing L as a balanced binary search
tree keyed on vl, vr, and O and changing the Append to a tree insertion opera-
tion. If, before insertion in the “Evaluate ‘(vOw)’ ” block, it is discovered that
‘vj ⇔ (vOw)’ already exists in L for some vj , then s can be set to vj , i need
not be incremented, and the insertion can be avoided. A similar change can
be made for the “Evaluate ‘¬s’ ” block. With L implemented as a balanced
binary search tree, each query and each insertion would take at most log(m)
time since L will contain no more than m items. Hence, the complexity of the
algorithm with the improved data structure would be O(m log(m)).

We remark that there is no comparable, efficient transformation from a
well-formed formula to a DNF formula.

2 Resolution

Resolution is a general procedure that is primarily used to certify that a given
CNF formula is unsatisfiable, but can also be used to find a model, if one exists.
The idea originated as consenus in [?] and [?] (ca. 1937) and was applied to
DNF formulas in a form exemplified by the following:

(x ∧ y) ∨ (¬x ∧ z)⇔ (x ∧ y) ∨ (¬x ∧ z) ∨ (y ∧ z)

Consensus in DNF was rediscovered in [?] and [?] (ca. 1954) where it was given
its name. A few years later its dual, as resolution in propositional logic, was
applied to CNF [?] (1958), for example:

(x ∨ y) ∧ (¬x ∨ z)⇔ (x ∨ y) ∧ (¬x ∨ z) ∧ (y ∨ z)

The famous contribution of Robinson [?] in 1965 was to lift resolution to first-
order logic.

Let c1 and c2 be disjunctive clauses such that there is exactly one variable
v that occurs negated in one clause and unnegated in the other. Then, the
resolvent of c1 and c2, denoted by Rc1

c2
, is a disjunctive clause which contains

all the literals of c1 and all the literals of c2 except for v or its complement.
The variable v is called a pivot variable. If c1 and c2 are treated as sets, their
resolvent is {l : l ∈ c1 ∪ c2 \ {v,¬v}}.

The usefulness of resolvents derives from the following Lemma.

Lemma 4. Let ψ be a CNF formula represented as a set of sets. Suppose
there exists a pair c1, c2 ∈ ψ of clauses such that Rc1

c2
/∈ ψ exists. Then

ψ ⇔ ψ ∪ {Rc1
c2
}.
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Proof. Clearly, any assignment that does not satisfy CNF formula ψ cannot
satisfy a CNF formula which includes a subset of clauses equal to ψ. Therefore,
no satisfying assignment for ψ implies none for ψ ∪ {Rc1

c2
}.

Now suppose M is a model for ψ. Let v be the pivot variable for c1 and c2.
Suppose v ∈M . One of c1 or c2 contains ¬v. That clause must also contain a
literal that has value 1 under M or else it is falsified by M . But, that literal
exists in the resolvent Rc1

c2
, by definition. Therefore, Rc1

c2
is satisfied by M and

so is ψ ∪ {Rc1
c2
}. A similar argument applies if v /∈M .

The resolution method makes use of Lemma 4 and the fact that a clause
containing no literals cannot be satisfied by any truth assignment. A resolution
algorithm for CNF formulas is presented in Figure 3. It uses the notion of pure
literal (Page ??) to help find a model, if one exists. Recall, a literal is pure
in formula ψ if it occurs in ψ but its complement does not occur in ψ. If the
algorithm outputs “unsatisfiable” then the set of all resolvents generated by
the algorithm is a resolution refutation for the input formula.

Theorem 5. Let ψ be a CNF formula represented as a set of sets. The output
of Algorithm 2 on input ψ is “unsatisfiable” if and only if ψ is unsatisfiable.
If the output is a set of variables, then it is a model for ψ.

Proof. If the algorithm returns “unsatisfiable” one resolvent is the empty
clause. From Lemma 4 and the fact that an empty clause cannot be satis-
fied, ψ is unsatisfiable.

If the algorithm does not return “unsatisfiable” the Otherwise block is
entered because new resolvents cannot be generated from ψ. Next, a Repeat
block to remove clauses containing pure literals is executed, followed by a final
Repeat block which adds some variables to M .

Consider the result of the Repeat block on pure literals. All the clauses
removed in this block are satisfied by M because all variables associated with
negative pure literals are absent from M and all variables associated with
positive pure literals are in M . Call the set of clauses remaining after this
Repeat block ψ′. Now, consider the final Repeat block. If ψ′ = ∅ then all
clauses are satisfied by M from the previous Repeat block, and M1:i will never
falsify a clause for any i. In that case M is returned and is a model for ψ.
So, suppose ψ′ 6= ∅. The only way a clause can be falsified by M1:1 is if it is
{v1}. In that case, the line “Set M ← M ∪ {vi}” changes M to satisfy that
clause. The clause {¬v1} /∈ ψ

′ because otherwise it would have resolved with
{v1} to give ∅ ∈ ψ which violates the hypothesis that the pure literal Repeat
block was entered. Therefore, no clauses are falsified by M1:1 at the beginning
of the second iteration of the Repeat block when M1:2 is considered.

Assume the general case that no clause is falsified for M1:i−1 at the begin-
ning of the ith iteration of the final Repeat block. A clause c1 will be falsified
by M1:i but not by M1:i−1 if it contains literal vi, which cannot be a pure
literal that was processed in the previous Repeat block. Then, the line “Set
M ← M ∪ {vi}” changes M to satisfy c1 without affecting any previously
satisfied clauses. However, we must consider the possibility that a clause that
was not previously satisfied becomes falsified by the change. If there were
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Algorithm 2.

Resolution (ψ)
/* Input ψ is a set of sets of literals representing a CNF formula */
/* Output is either “unsatisfiable” or a model for ψ */
/* Locals: set of variables M */

Set M ← ∅.
Repeat the following until some statement below outputs a value:

If ∅ ∈ ψ, Output “unsatisfiable.”
If there are two clauses c1, c2 ∈ ψ such that Rc1

c2
/∈ ψ exists,

Set ψ ← ψ ∪ {Rc1
c2
}.

Otherwise,
Repeat the following while there is a pure literal l in ψ:

If l is a positive literal, Set M ← M ∪ {l}.
Set ψ ← {c : c ∈ ψ, l /∈ c}.

Arbitrarily index all variables in Vψ as v1, v2, . . . , vn.
Repeat the following for i from 1 to n:

If M1:i falsifies some clause in ψ, Set M ←M ∪ {vi}.
Output M .

Figure 3: Resolution algorithm for CNF formulas.

such a clause c2 it must contain literal ¬vi and no other literal in c2 would
have a complement in c1 otherwise it would already have been satisfied by
M1:i−1. That means ψ, before the pure literal Repeat block, would contain
Rc1)c2. Moreover, Rc1

c2
could not be satisfied by M1:i−1 because such an as-

signment would have satisfied c1 and c2. But then Rc1
c2

must be falsified by
M1:i−1 because it contains literals associated only with variables v1, . . . , vi−1.
But this is impossible by the inductive hypothesis. It follows that the line
“Set M ← M ∪ {vi}” does not cause any clauses to be falsified and that
no clause is falsified for M1:i. Since no clause is falsified by M1:n, all clauses
must be satisfied by M which is then a model. The statement of the Theorem
follows.

Resolution is a powerful tool for mechanizing the solution to variants of the
Satisfiability problem. However, in the case of an unsatisfiable input formula,
since the resolution algorithm offers complete freedom to choose which pair of
clauses to resolve next, it can be difficult to control the total number of clauses
resolved and therefore the running time of the algorithm. The situation in
the case of satisfiable input formulas is far worse since the total number of
resolvents generated can be quite large even when a certificate of satisfiability
can be generated quite quickly using other methods.

It is easy to find examples of formulas on which the resolution algorithm
may perform poorly or well, depending on the order of resolvents, and we
present one infinite family here. We use n “normal” variables {v0, v1, . . . , vn−1}
and n − 1 “selector” variables {z1, z2, . . . , zn−1}. Each clause contains one
normal variable and one or two selector variables. For each 0 ≤ i ≤ n − 1
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there is one clause with vi and one with ¬vi. The selector variables allow
the clauses to be “chained” together by resolution to form any n-literal clause
consisting of normal variables. Therefore, the number of resolvents generated
could be as high as 2O(n) although the input length is O(n). The family of
input formulas is specified as follows:

{{v0,¬z1}, {z1, v1,¬z2}, {z2, v2,¬z3}, . . . , {zn−2, vn−2,¬zn−1},
{zn−1, vn−1}, {¬v0,¬z1}, {z1,¬v1,¬z2}, {z2,¬v2,¬z3}, . . . ,
{zn−2,¬vn−2,¬zn−1}, {zn−1,¬vn−1}}.

The number of resolvents generated by the resolution algorithm greatly
depends on the order in which clauses are chosen to be resolved. Resolving
vertically, the 0th column adds resolvent {¬z1}. This resolves with the clauses
of column 1 to add {v1,¬z2} and {¬v1,¬z2} and these two add resolvent
{¬z2}. Continuing, resolvents {¬z3},. . . ,{¬zn−1} are added. Finally, {¬zn−1}
resolves with the two clauses of column n− 1 to generate resolvent ∅ showing
that the formula is unsatisfiable. The total number of resolutions executed
is O(n) in this case. On the other hand, resolving horizontally (resolve one
clause of column 0 with a clause of column 1, then resolve the resolvent with a
clause from column 2, and so on), all 2n n-literal clauses of “normal” variables
can be generated before ∅ is.

The number of resolution steps executed on a satisfiable formula can be
outragious. Remove column n − 1 from the above formulas. They are then
satisfiable. But that is not known until 2O(n) resolutions fail to generate ∅.

This example may suggest that something is wrong with resolution and
that it should be abandoned in favor of faster algorithms. While this is rea-
sonable for satisfiable formulas, it may not be for unsatisfiable formulas. As
illustrated by Theorem 7, in the case of providing a certifate of unsatisfiability,
the resolution algorithm can always “simulate” the operation of many other
algorithms in time bounded by a polynomial on input length. So, the crucial
problem for the resolution algorithm, when applied to unsatisfiable formulas, is
determining the order in which clauses should be resolved to keep the number
of resolvents generated at a minimum. A significant portion of this monograph
deals with this question. However, we first consider an extension to resolution
that has shown improved ability to admit short refutations.

3 Extended Resolution

In the previous section we showed that the size of a resolution refutation
can vary enormously depending on the order resolvents are formed. That
is, for at least one family of formulas there are both exponentially long and
linearly long refutations. But for some families of formulas nothing shorter
than exponential size resolution refutations is possible. Examples, such as the
pigeon hole formulas, will be presented in Section ??. However, the simple
idea of extended resolution can yield short refutations in such cases.

Extended resolution is based on a result of Tseitin [?] who showed that, for
any pair of variables v, w in a given CNF formula ψ, the following expression
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may be appended to ψ:

(z ∨ v) ∧ (z ∨ w) ∧ (¬z ∨ ¬v ∨ ¬w) (1)

where z is a variable that is not in ψ. From Figure 1 this is equivalent to:

z ↔ (¬v ∨ ¬w)

which means either v and w both have value 1 (then z = 0) or at least one
of v or w has value 0 (then z = 1). Observe that as long as z is never used
again, any of the expressions of Figure 1 can be used in place of or in addition
to (1). More generally,

z ↔ f(v1, v2, . . . , vk)

can be used as well where f is any Boolean function of arbitrary arity. Ju-
dicious use of such extensions can result in polynomial size refutations for
problems that have no polynomial size refutations without extension, a no-
table example being the pigeon hole formulas as will be shown in Section ??.

By adding variables not in ψ one obtains, in linear time, a satisfiability-
preserving translation from any propositional expression to CNF with at most
a constant factor blowup in expression size as shown in Section 1.

4 Davis-Putnam Resolution

The Davis-Putnam procedure (DPP) [?] is presented here mainly for historical
reasons. In DPP, a variable v is chosen and then all resolvents with v as pivot
are generated. When no more such resolvents can be generated, all clauses
containing v or ¬v are removed and the cycle of choosing a variable, generating
resolvents, and eliminating clauses is repeated to exhaustion. The fact that it
works is due to the following result.

Lemma 6. Let ψ be a CNF formula. Perform the following operations:

ψ1 ← ψ.

Choose any variable v from ψ1.

Repeat the following until no new resolvents with v as pivot can be

added to ψ1:

If there is a pair of clauses c1, c2 ∈ ψ1 such that Rc1
c2

with v
as pivot exists and Rc1

c2
/∈ ψ1,

ψ1 ← ψ1 ∪ {R
c1
c2
}.

ψ2 ← ψ1.

Repeat the following while there is a clause c ∈ ψ2 such that v ∈ c
or ¬v ∈ c:

ψ2 ← ψ2 \ {c}.

Then ψ is satisfiable if and only if ψ2 is satisfiable.

11



Proof. By Lemma 4 ψ1 is functionally equivalent to ψ. Since removing clauses
cannot make a satisfiable formula unsatisfiable, if ψ and therefore ψ1 is satis-
fiable, then so is ψ2.

Now, suppose ψ is unsatisfiable. Consider any pair of assignments M
(without v) and M ∪ {v}. Either both assignments falsify some clause not
containing v or ¬v or else all clauses not containing v or ¬v are satisifed by
both M and M ∪ {v}. In the former case, some clause common to ψ and ψ2

is falsified by M so both formulas are falsified by M . In the latter case, M
must falsify a clause c1 ∈ ψ containing v and M ∪ {v} must falsify a clause
containing ¬v. Then the resolvent Rc1

c2
∈ ψ2 is falsified by M . Therefore, since

every assignment falsifies ψ, ψ2 is unsatisfiable.

Despite the apparent improvement in the management of clauses over
the resolution algorithm, DPP is not considered practical. However, it has
spawned some other commonly used variants, especially the next algorithm to
be discussed.

5 Davis-Putnam Loveland Logemann Resolu-

tion

Here we present a reasonable implementation of the key idea in DPP which
is to repeat the following: choose a variable, take care of all resolutions due
to that variable, and then erase clauses containing it. The algorithm, called
DPLL [?], is shown in Figure 4. It was developed when Loveland and Loge-
mann attempted to implement DPP but found that it used too much RAM. So
they changed the way variables are eliminated by employing the splitting rule:
assignments are recursively extended by one variable in both possible ways
looking for a satisfying assignment. Thus, DPLL is of the divide-and-conquer
family.

The DPLL algorithm of Figure 4 is written iteratively instead of recursively
for better comparison with other algorithms to be discussed later. We omit a
formal proof of the fact that the output of DPLL on input ψ is “unsatisfiable”
if and only if ψ is unsatisfiable, and if the output is a set of variables, then it
is a model for ψ. The reader may consult [?] for details.

A common visualization of the flow of control of DPLL and similar algo-
rithms involves a graph structure known as a search tree. Since we will use
search trees several times in this monograph to assist in making some difficult
points clear, we take the trouble of explaining the concept here. A search tree
is a rooted acyclic digraph where each vertex has out degree at most two, and
in degree one except for the root. Each internal vertex represents some Boolean
variable and each leaf may represent a clause or may have no affiliation. If
an internal vertex represents variable v and it has two outward oriented edges
then one is labeled v and the other is labeled ¬v; if it has one outward oriented
edge, that edge is labeled either v or ¬v. All vertices encountered on a path
from root to a leaf represent distinct variables. The labels of edges on such a
path represent a truth assignment to those variables: ¬v means set the value
of v to 0 and v means set the value of v to 1.

12



Algorithm 3.

DPLL (ψ)
/* Input ψ is a set of sets of literals representing a CNF formula */
/* Output is either “unsatisfiable” or a model for ψ */
/* Locals: integer d, variable stack VP , list of formulas ψ0, ψ1, ... */
/* partial assignments M1:d. */

Set d← 0; Set M1:0 ← ∅; Set ψ0 ← ψ; Set VP ← ∅.
Repeat the following until some statement outputs a value:

If ψd = ∅, Output M1:d.
If ∅ ∈ ψd,

Repeat the following until l is “tagged.”
If VP = ∅, Output “unsatisfiable.”
Pop l ← VP .
Set d← d− 1.

Push VP ← ¬l. /* l and ¬l are not tagged */
If l is a negative literal then M1:d+1 ←M1:d ∪ {¬l}.
Otherwise, M1:d+1 ←M1:d.
Set ψd+1 ← {c− {¬l} : c ∈ ψd, l /∈ c}.
Set d← d+ 1.

Otherwise,
If there exists a pure literal in ψd,

Choose a pure literal l.
Otherwise, if there is a unit clause in ψd,

Choose a literal l in a unit clause and “tag” l.
Otherwise,

Choose a literal l in ψd and “tag” l.
Push VP ← l.
If l is a positive literal, M1:d+1 ←M1:d ∪ {l}.
Otherwise, M1:d+1 ←M1:d.
Set ψd+1 ← {c− {¬l} : c ∈ ψd, l /∈ c}.
Set d← d+ 1.

Figure 4: DPLL algorithm for CNF formulas.
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Figure 5: A DPLL refutation tree for the above CNF formula.

The remaining details are specific to a particular CNF formula ψ which
is input to the algorithm modeled by the search tree. A leaf is such that
the partial truth assignment represented by the path from the root either
minimally satisfies all clauses of ψ, or minimally falsifies at least one clause
of ψ. In the latter case, one of the clauses falsified becomes the label for
the leaf. If ψ is unsatisfiable, all leaves are labeled and the search tree is a
refutation tree. A fully labeled refutation tree modeling one possible run of
DPLL on a particular unsatisfiable CNF formula is shown in Figure 5. With
reference to Figure 4, a path from the root to any vertex represents the state
of VP at some point in the run. For a vertex with out degree two, the left edge
label is a “tagged” literal. For vertices with out degree one, the single edge
label is a “pure” literal.

The DPLL algorithm is a performance compromise. Its strong point is sets
of resolvents are constructed incrementally, allowing some sets of clauses and
resolvents to be entirely removed from consideration long before the algorithm
terminates. But this is offset by the weakness that some freedom in choosing
the order of forming resolvents is lost, so more resolvents may have to be
generated. Applied to a satisfiable formula, DPLL can be a huge winner over
the resolution algorithm: if the right choices for variable elimination are made,
models may be found in O(n) time. However, for an unsatisfiable formula it
is not completely clear which algorithm performs best generally. Theorem 7
below shows that if there is a short DPLL refutation for a given unsatisfiable
formula, then there must be a short resolution refutation for the same formula3.
But, Theorem ?? below shows that it is possible for a shortest resolution proof
to be exponentially smaller than the smallest DPLL refutation on a given
formula. These facts seem to give the edge to resolution. On the other hand,
it may actually be relatively easy to find a reasonably short DPLL refutation

3See [?] for other results along these lines.
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but very hard to produce an equally short or shorter resolution refutation. An
important determining factor is the order in which variables or resolutions are
chosen and the best order is often sensitive to structural properties of the given
formula (more on structural properties of formulas is found in Section ??).
For this reason, quite a number of choice heuristics have been studied and we
present some results on these later in this monograph.

We finish this section with the following classic result.

Theorem 7. Suppose DPLL is applied to a given unsatisfiable CNF formula
ψ and suppose the two lines “Set ψd+1 ← {c − {¬l} : c ∈ ψd, l /∈ c}.” are
together executed p times. Then there is a resolution refutation in which no
more than p/2 resolvents are generated.

Proof. We will run DPLL on ψ and, in parallel, generate resolvents from
clauses of ψ and other resolvents. At most one resolvent will be generated
every time the test “If VP = ∅” succeeds or the line “Pop l ← VP” is executed
and l is neither tagged nor a pure literal. But this is at most half the number
of times ψd+1 is set. Hence, when DPLL terminates on an unsatisfiable for-
mula, at most p/2 resolvents will be generated. Next, we show how to generate
resolvents and show that ∅ is a resolvent of two of them.

The idea can be visualized as a series of destructive operations on a DPLL
refutation tree. Assume clauses in ψ label leaves as discussed on Page 14.
Repeat the following: if there are two leaf siblings, replace the subtree of the
two siblings and their parent either with the resolvent of the leaf clauses, if they
resolve, or with the leaf clause that is falsified by the assignment represented
by the path from root to the parent (there must be one if ψ is unsatisfiable);
otherwise there is a pair of vertices consisting of one leaf and a parent so
replace this pair with the leaf. Replacement entails setting the edge originally
pointing to the parent to point to the replacement vertex. Eventually, the tree
consists of a root only and its label is the empty clause.

This visualization is implemented as follows. Define a stack S and set
S ← ∅. The stack will hold clauses of ψ and resolvents. Run DPLL on ψ. In
parallel, manipulate S as follows:

1. The test “If ∅ ∈ ψd”:
Whenever this test succeeds, there is a clause c ∈ ψ whose
literals can only be complements of those in VP so push S ←
c.

2. The line “Pop l← VP”:
Immediately after execution of this line, if l is not “tagged,”
and is not a pure literal then do the following. Pop c1 ← S
and pop c2 ← S. If c1 and c2 can resolve, push S ← Rc1

c2
;

otherwise, at least one of c1 or c2, say c1, does not contain l
or ¬l, so push S ← c1.

3. The line “If VP = ∅, Output “unsatisfiable.””:
The algorithm terminates so pop c1 ← S, pop c2 ← S, and
form the resolvent ct = Rc1

c2
.
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We claim that, when the algorithm terminates, ct = ∅.

To prove this claim we show that when c1 and c2 are popped in Step 2, c2
contains literals that are only complementary to those of a subset of VP ∪ {l}
and c1 contains literals that are only complementary to those of a subset of
VP ∪ {¬l} and if l is a pure literal in the same step then c1 contains literals
complementary to those of a subset of VP . Since VP = ∅ when c1 and c2 are
popped to form the final resolvent, ct, it follows that ct = ∅.

By induction on the maximum depth of stacking of c2 and c1. The base
case has c2 and c1 as clauses of ψ. This can happen only if c2 had been stacked
in Step 1 then Step 2 was executed and then c1 was stacked soon after in
Step 1. It is straightforward to check that the hypothesis is satisfied in this
case.

Suppose the hypothesis holds for maximum depth up to k and consider
a situation where the maximum depth of stacking is k + 1. There are two
cases. First, suppose l is a pure literal. Then neither l nor ¬l can be in c1 so,
by the induction hypothesis, all of the literals of c1 must be complementary
to literals of VP . Second, suppose l is not “tagged” and not a pure literal.
Then c1 and c2 are popped. By the induction hypothesis, c1 contains only
literals complementary to some in VP ∪ {¬l} and c2 contains only literals
complementary to some in VP ∪{l}. Therefore, if they resolve, the pivot must
be l and the resolvent contains only literals complementary to some in VP . If
they don’t resolve, by the induction hypothesis, one must not contain l or ¬l.
That one has literals only complementary to those of VP , so the hypothesis
holds in this case.

6 Decompositions

The variable elimination methods of Sections 5 and 7 recursively decompose a
given formula ψ into overlapping subformulas ψ1 and ψ2 such that the solution
to ψ can be inferred from the solutions to ψ1 and ψ2. The decompositions
are based on occurrences of a selected variable v in clauses of ψ and each
subformula has at least as many clauses as those of ψ which contain neither
literal v nor literal ¬v. Intuitively, the speed of the methods usually depends
on the magnitude of the size reduction from ψ to ψ1 and ψ2. However, it is
often the case that the number of occurrences of most variables in a formula
or subformula is small which usually means small size reductions for most
variables. For example, the average number of occurrences of a variable in
a random k-SAT formula of m clauses developed from n variables is km/n
(see Section ??): so, if k = 3 and m/n is, say 4 (see Section ??), then the
average number of occurrences of a randomly chosen variable is only 12. Hence,
the methods often suffer computational inadequacies which can make them
unusable in some cases. On the positive side, such methods can be applied to
any CNF formula.

But there are other decomposition methods that sacrifice some general-
ity for the sake of producing subformulas of relatively small size. Truemper’s
book [?] presents quite a few of these, all of which are capable of computation-
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ally efficient solutions to some problems that would be considered difficult for
the more general variable elimination methods. This section presents one of
these, called monotone decomposition, for illustration and because it is related
to material that is elsewhere in this monograph.

6.1 Monotone Decomposition

Let CNF formula ψ of m clauses and n variables be represented as a m × n
(0,±1)-matrix Mψ. A monotone decomposition of Mψ, is a permutation of
rows and columns of Mψ and the multiplication by −1 of some or all of its
columns, referred to below as a column scaling, resulting in a partition into
four submatrices as follows:

(

A1 E

D A2

)

(2)

where the submatrix A1 has at most one +1 entry per row, the submatrix D
contains only −1 or 0 entries, the submatrix A2 has no restrictions other than
the three values of −1, +1, and 0 for each entry, and the submatrix E has only
0 entries.

The submatrix A1 represents a Horn Formula. In Section ?? Horn formulas
are shown to have the following two important properties: they are solved
efficiently, for example by Algorithm ?? of Figure ??, and, by Theorem ??,
there is always a unique minimum model for a satisfiable Horn formula. The
second property means there is always a satisfying assignment M such that, for
any other satisfying assignment M ′, the variables that have value 1 according
to M ′ are a superset of the variables set to 1 according to M (more succinctly,
M ⊂ M ′). This property, plus the nature of submatrices D and E , effectively
allow a split of the problem of determining the satisfiability of ψ into two
independent problems: namely, determine satisfiability for the Horn formula
represented by A1 and determine satisfiability for the subformula represented
by A2. The algorithm of Figure 6 shows this in more detail. The following
theorem proves correctness of this algorithm.

Theorem 8. Let CNF formula ψ be represented as a monotone decomposition
(0,±1)-matrix. On input ψ, Algorithm 4 outputs “unsatisfiable” if and only
if ψ is unsatisfiable and if ψ is satisfiable, then the output set M1 ∪M2 is a
model for ψ.

Proof. Clearly, if Horn formula A1 is unsatisfiable then so is ψ. So, suppose
there is a model M1 for A1 and consider the rows of A2 remaining after rows
common to those of D which are satisfied by M1 are removed. Since M1 is a
unique minimum model for A1, no entries of D are +1, and variables of A1

are distinct from variables of A2, no remaining row of A2 can be satisfied by
any model for A1. Therefore, if these rows of A2 are unsatisfiable, then so is
ψ. On the other hand, if these rows are satisfied by model M2, then clearly,
M1 ∪M2 is a model for ψ.
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Algorithm 4.

Monotone Decomposition Solver (ψ)
/* Input: CNF formula ψ as (0,±1) Mψ monotone decomposition */
/* Output: “unsatisfiable” or a model for ψ */
/* Locals: set of variables M1,M2 */

Let Mψ be partitioned according to (2).
If Horn formula A1 is unsatisfiable, Output “unsatisfiable.”
Let M1 be a unique minimum model for the Horn formula A1.
Remove from A2 all rows common to D’s that are satisfied by M1.
If A2 is unsatisfiable, Output “unsatisfiable.”
Let M2 be a model for A2.
Output M1 ∪M2.

Figure 6: Algorithm for determining satisfiability of a Monotone Decomposi-

tion.

A (0,±1) matrix Mψ representing CNF formula ψ may have more than
one monotone decomposition. We are interested in the maximum monotone
decomposition of Mψ. That is, we wish to find the monotone decomposition
of ψ such that A1 has the greatest number of rows and columns. A monotone
decomposition is said to be maximal with respect to the dimensions ofA1. The
following theorem says a unique maximal monotone decomposition is always
possible.

Theorem 9. Any (0,±1) matrixM has a unique maximal monotone decom-
position.

Proof. Suppose M has two distinct maximal monotone decompositions, say
M1 and M2. Let A1

i , A
2
i , and Di, i ∈ {1, 2}, be the partition of M, after

column scaling, corresponding toMi (see the partition (2) on page 17). Con-
struct a new partition M′ of M into A′1, A′2 and D′ such that A′1 includes
all rows and columns of A1

1 and A1
2. For those columns of M′ that are also

columns of A1
1 use a column scaling that is exactly the same as the one used

in M1. For all other columns use the same scaling as in M2. The subma-
trix of A′1 that includes rows and columns of A1

1 is the same as A1
1 because

the scaling of those columns is the same as for M1. The submatrix of A′1

including rows of A1
1 and columns not in A1

1 must be a 0 submatrix by the
monotone decompositionM1. The submatrix of A′1 including columns of A1

1

and no rows of A1
1 must contain only 0 or -1 entries due to theM1 scaling and

the submatrix including neither columns or rows of A1
1 must be Horn due to

M2 column scaling. It follows that submatrix A′1 is Horn (at most one +1 in
each row). It is similarly easy to check that the submatrix ofM′ consisting of
rows of A′1 and columns other than those of A′1 is 0 and that the submatrix of
M′ consisting of columns of A′1 and rows other than those of A′1 contains no
+1 entries. It follows that M′ is a monotone decomposition. Since A1

1 ⊃ A
′1

and A1
2 ⊃ A

′1 neither M1 nor M2 is a maximal monotone decomposition in
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violation of the hypothesis. The theorem follows.

From Theorem 9 there is always a maximum monotone decomposition forMψ.

A maximum monotone decomposition is useful because: 1) A1, represent-
ing a Horn formula, is as large as possible so A2 is as small as possible; 2)
Horn formulas may be efficiently solved by Algorithm ??; and 3) a maximum
monotone decomposition can be found efficiently, as will now be shown.

A maximum monotone decomposition can be found using Algorithm 5
of Figure 7. The algorithm completes one or more stages where each stage
produces a proper monotone decomposition of some matrix. All submatrices
change dimensions during the algorithm so we use primes as in E ′ to refer to
the current incantation of corresponding submatrices. Initally, that matrix is
Mψ. At the end of a stage, if the algorithm needs another stage to produce a
bigger decomposition, A′2 of the current stage becomes the entire input of the
next stage and the next stage proceeds independently of previous stages. This
can be done since the operation to be mentioned next does not multiply by
-1 any of the rows and columns of the A′1 and D′ matrices of previous stages.
The important operation is to move a non-positive column that intersects A′2

to just right of the border of the current stage’s A′1 matrix, move the border of
A′1 and D′ to the right by one column, tag and move the rows containing 1 on
the right boundary of the changed D′ up to just below the border of A′1, and
finally lower the border of A′1 and E ′ down to include the tagged rows. Doing
so keeps A′1 Horn and D′ non-positive and enlarges A′1. If no non-positive
column exists through A′2, no column can be made non-positive through A′2

by a -1 multiplication, and the inital moved column is not multiplied by -1,
then the initial moved column of the stage is multiplied by -1 and the stage is
restarted.

Because of the following theorem, backtracking is limited to just one per
stage and is used only to try to decompose with the initial moved column of
the stage multiplied by -1.

Theorem 10. Refer to Algorithm 5 for specific variable names and terms.

1. If z is not a non-positive column in E ′, and z multiplied by -1 is not non-
positive in E ′, then there is no monotone decomposition at the current
stage with the initial moved column v of the stage left as is.

2. If multiplying v by -1 also fails because a z cannot be made non-positive
in E ′, then not only does z block a monotone decomposition but multi-
plying any of the other columns in A′1 except v by -1 blocks a monotone
decomposition as well.

Proof.

1. There is no way to extend the right boundary of A′1 and stay Horn while
making E ′ 0 because column z prevents it.

2. Consider columns in A′1 first. The proof is by induction on the number
of columns processed in A′1. The base case has no such column: that is,
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A′1 only contains the column v, and is trivially satisfied. For the inductive
step, change the column scaling to 1 for all columns and run the algorithm in
the same column order it had been when it could not continue. Assume the
hypothesis holds to k columns and consider processing at the k + 1st column,
call it column x. At this point A′1 has one 1 in each row, D′ is non-positive,
and since x is multiplied by 1, it is non-zero and non-positive through E ′. If
there is a monotone decomposition where x is multiplied by -1, then x goes
through A1 of that decomposition. The multiplication by -1 changes the non-
zero non-positive elements of x through E ′ to non-zero non-negative elements.
Therefore, at least one of these elements, say in row r, is +1. But A1 of the
decomposition must have a +1 in each row so it must be that row r has this
+1 in say column c, a column of A′1 that is multiplied by -1. But c cannot be
the same as v since v multiplied by -1 blocks a monotone decomposition by
hypothesis. On the other hand, if c is not v, then by the inductive hypothesis
c cannot be multiplied by -1 in a monotone decomposition. Therefore, by
contradiction, there is no monotone decomposition and the hypothesis holds
to k + 1 columns.

Now consider column z. No scaling of column z can make z non-positive
in E ′. Then that part of z that goes through E ′ has -1 and 1 entries. The
hypothesis follows from the same induction argument as above.

Any column blocking a monotone decomposition need never be checked
again.

The algorithm keeps track of blocking columns with set N , the long term
record of blocking columns, and set L, the temporary per stage record. If
column indicator w is placed in N it means the unmultiplied column w blocks,
and if ¬w is placed in N it means column w multiplied by -1 blocks.

The algorithm has quadratic complexity. Complexity can be made linear
by running the two possible starting points of each stage, namely using col-
umn v as is and multiplying column v by -1, concurrently and breaking off
computation when one of the two succeeds.

A formula ψ which has a maximum monotone decomposition where A2 is
a member of an efficiently solved subclass of Satisfiability obviously may be
solved efficiently by Algorithm 4 ifA2 can efficiently be recognised as belonging
to such a subclass. Chapter ?? discusses several efficiently solved subclasses
of Satisfiability problems which may be suitable for testing. If A2 represents
a 2-SAT formula (See Section ??) then ψ is said to be q-Horn. The class
of q-Horn formulas was discovered and efficiently solved in [?, ?] and it was
the results of that that work led to the development of maximum monotone
decompositions [?].

6.2 Autarkies

Definition 11. An assignment to a set of variables is said to be autark if all
clauses that contain at least one of those variables are satsfied by the assign-
ment.
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Algorithm 5.

Find Maximum Monotone Decomposition (ψ)
/* Input: CNF formula ψ as (0,±1) matrix Mψ */
/* Output: A maximum monotone decomposition of Mψ */
/* Locals: set of variables M1,M2, set of unusable literals N,L */

Set N ← ∅.
Set A2 ←Mψ.
Repeat while there is a column v of A2 such that v /∈ N or ¬v /∈ N :

Remove 0 rows from A2.
Choose any v such that either v /∈ N or ¬v /∈ N .
Set L← ∅ and α← 1.
If v ∈ N :

Multiply all entries in column v of A2 by −1.
Set α← −1.
Set N ← N \ {v} ∪ {¬v}.

Set p← v.
Define A′1 = D′ = E ′ = 0, A′2 = A2, the initial partition of A2.
Repeat the following:

Move column p of A′2 to the right border of A′1.
Move the right border of A′1 to the right by 1 column.
Move and tag rows of D′ with 1 in its right column to the top.
Move the bottom border of A′1 down to include tagged rows.
If E ′ = 0, Set A2 ← A′2 and Break.
Choose column z through E ′ with a non-zero entry in E ′.
If (z ∈ N and ¬z ∈ N) or

(z ∈ N and column z has −1 entry) or
(¬z ∈ N and column z has +1 entry) or
(column z has +1 and −1 entries):
If ¬v ∈ N or α = −1: Set N ← N ∪ {v,¬v, z,¬z} ∪ L.
Break.

Otherwise,
If ¬z /∈ N and column z has no −1 entries:

Multiply all entries in column z of A2 by −1.
If z ∈ N : Set N ← N \ {z} ∪ {¬z}.
If ¬z ∈ L: Set L← L \ {¬z} ∪ {z}.

Set L← L ∪ {¬z}.
Set p← z.

Remove 0 rows from A2.
Let M be the permuted and scaled Mψ with lower right matrix A2.
OutputM.

Figure 7: Algorithm for finding the maximum monotone decomposition of a

(0,±1) matrix.
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7 Branch-and-bound

The DPLL algorithm of Figure 4 is sequential in nature. At any point in the
search one node, representing a partial assignment M1:, of the search tree is
active: that is, open to exploration. This means exploration of a promising
branch of the search space may be delayed for a considerable period until
search finally reaches that branch. Branch-and-bound aims to correct this to
some extent. In branch-and-bound, quite a few nodes of the search space may
be active at any point in the search. Each of the active nodes has a number
l(M1:) which is an aggregate estimate of how close the assignment represented
at a node is to a solution or confirms that assignment cannot be extended to a
“best” solution. Details concerning how l(M1:) is computed will follow. When
it is time to choose a variable v for assignment, the variable is chosen from the
subformula of the active node of lowest l value and the node is expanded. That
expansion eliminates one active node and may create up to two others, one for
each value to v. To help control the growth of active nodes branch-and-bound
maintains a monotonically decreasing number u for preventing nodes known
to be unfruitful from becoming active. If the l value of any potential active
node is greater than u, it is thrown out and not made active. Eventually, there
are no active nodes left and the algorithm completes.

Branch-and-bound is intended to solve more problems than Satisfiability.
It requires a function gψ(M1:) which maps a given formula ψ and partial or
total truth assignment M1: to a non-negative number. The objective of branch-
and-bound is to return an assignment M such that gψ(M) is minimum over
all truth assignments, partial or complete. That is,

M : ∀X , gψ(X) ≥ gψ(M).

For example, if gψ(M1:) is just the number of clauses in ψM1:
then branch-and-

bound seeks to find M which satisfies the greatest number of clauses, maybe
all.

Branch-and-bound discovers and discards search paths that are known to
be fruitless, before they are explored, by means of a heuristic function h(ψM1:

)
where ψM1:

is obtained from ψ by removing clauses satisfied by and literals
falsified by M1:. The heuristic function returns a non-negative number which,
when added to gψ(M1:), is a lower bound on g(ψX) over all possible extensions
X to M1:. That sum is the l(M1:) that was referred to above. That is,

l(M1:) = h(ψM1:
) + gψ(M1:) ≤ min{gψ(X) : X is an extension of M1:}.

The algorithm maintains a number u that records the lowest gψ value that
has been seen so far during search. If partial assignment M1:i is extended by
one variable to M1:i+1 and gψ(M1:i+1) < u then u is updated to that value
and M1:i+1, the assignment that produced that value, is saved as M . In that
case, l(M1:i+1) must also be less than u because it is less than gψ(M1:i+1).
But, if l(M1:i+1) > u then there is no chance, by definition of l(M1:), that any
extension to M1:i+1 will yield the minimum gψ. Hence, if that test succeeds, the
node that would correspond to M1:i+1 is thrown out, eliminating exploration
of that branch.

The algorithm in its general form for Satisfiability is shown in Figure 8 as
Algorithm 6. A priority queue P is used to hold all active nodes as pairs where
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Algorithm 6.

Branch-and-bound (ψ, h, gψ)
/* Input: n variable CNF formula ψ, heuristic function h, */
/* objective function gψ mapping partial assignments to Z */
/* Output: Assignment M such that gψ(M) is minimized */
/* Locals: Integer u, priority queue P */

Set M ← ∅; Set M1,0 ← ∅; Set u←∞.
Insert P ← 〈〈ψ,M1:0〉, 0〉.
Repeat the following while P 6= ∅:

Pop 〈ψ′,M1:i〉 ← P .
If ψ′ = ∅ then Output M .
Choose variable v from ψ′.
Set ψ′

1 ← {c \ {v} : c ∈ ψ′ and ¬v /∈ c}.
Set ψ′

2 ← {c \ {¬v} : c ∈ ψ′ and v /∈ c}.
Repeat the following for j = 1 and j = 2:

If j = 1 then do the following:
Set M1:i+1 ←M1:i.

Otherwise
Set M1:i+1 ←M1:i ∪ {v}.

If h(ψ′

j) + gψ(M1:i+1) < u then do the following:
Insert P ← 〈〈ψ′

j ,M1:i+1〉, h(ψ
′

j) + gψ(M1:i+1)〉.
If gψ(M1:i+1) < u then do the following:

Set u← gψ(M1:i+1).
Set M ←M1:i+1.

Output M .

Figure 8: Classic branch-and-bound procedure adapted to Satisfiability.

each pair contains a reduced formula and its corresponding partial assignment.
Pairs are stored in P in increasing order of l(M1:). It is easy to see, by definition
of l(M1:), that no optimal assignment gets thrown out. It is also not difficult
to see that, given two heuristic functions h1 and h2, if h1(ψM1:

) ≤ h2(ψM1:
)

for all M , then the search explored using h1 will be no larger than the search
space explored using h2. Thus, to keep the size of the search space down,
as tight a heuristic function as possible is desired. However, since overall
performance is most important and since tighter heuristic functions typically
mean more overhead, it is sometimes more desirable to use a weaker heuristic
function which generates a larger search space in less time. Section ?? shows
how Linear Programming relaxations of Integer Programming representations
of search nodes can be used as heuristic functions. We finish this section with
an alternative to illustrate what else is possible.

Recall the problem of Variable Weighted Satisfiability which was defined
in Section ??: given CNF formula ψ and positive weights on variables, find
a satisfying assignment for ψ, if one exists, such that the sum of weights of
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variables of value 1 is minimized. Let ψM1:
be defined as above and let QψM1:

be a subset of positive clauses of ψM1:
such that no variable appears twice in

QψM1:
. For example, QψM1:

might look like this:

(v1 ∨ v3 ∨ v7) ∧ (v2 ∨ v6) ∧ (v4 ∨ v5 ∨ v8).

A strictly lower bound on the minimum weight solution over all extensions
to is M1: is gψ(M1:) plus h(ψM1:

), the sum of the weights of the minimum
weight variable in each of the clauses of QψM1:

. Clearly, this is not a very tight
bound. But, it is computationally fast to acquire this bound, and the trade off
of accuracy for speed often favors this approach [?], particularly when weight
calculations are made incrementally. Additionally, there are some tricks that
help to find a “good” QψM1:

. For example, a greedy approach may be used
as follows: choose a positive clause c with variables independent of clauses
already in QψM1:

and such that the ratio of the weight of the minimum weight
variable in c to the number of variables in c is maximum [?]. The interested
reader can consult [?] and [7] for additional ideas.

8 Local Search

8.1 Walksat

8.2 Novelty
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