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1. (2) What do the clauses of a Horn formula look like?

At most one positive literal per clause.

2. (2) What do the clauses of a 2-SAT formula look like?

At most two literals per clause.

3. (2) What is the significance of Horn and 2-SAT clauses w.r.t. SAT solving?

These classes are efficiently solved - this may be exploited by SAT solvers

4. (2) Are there other such classes of CNF Satisfiability that you would like to name?

Renamable Horn, q-Horn, SLUR, linear equations.

5. (2) Why don’t CNF SAT solvers do well on linear equations (xor’d variables)?

Exponentially many clauses are required to express a linear equation

6. (10) Let Q be a proposition that somehow expresses the operation of a circuit or some soft-
ware. Let P be a proposition that expresses a property we would like to check that
a circuit or software has. To make the check we typically attempt to show Q ∧ ¬P is
false. Why do we do this? (a good answer will probably have 4-5 sentences)

• We want to show that Q implies P (a good circuit means the property holds).

• But this is true even if Q is false - that yields many satisfying assignments.

• If Q → P is negated, those assignments disappear as do the ones of interest.

• Hence if the negated form is unsatisfiable, our property is proved otherwise a
counterexamples is offered.

• Finally ¬(Q → P) = ¬(¬Q ∨ P ) = Q ∧ ¬P

7. (10) Consider a clocked device with one input and one output, the input and output are low
initially and the output stays low until the input is found to be high at the beginning of
a clock cycle. After that, the output stays high. Using bounded model checking, prove
that the output does not go high at any time within 5 clock cycles unless the input
goes high. That is, write propositional formula Q that models the stated operation
of the device, write formula P that expresses the property to prove, and put the two
together for a formula that can be accepted by sbsat. Please state the meaning of the
variables you declare and use.

variables: bi = value of output at end of cycle i.
ai = value of input at start of cycle i.

Q: (b0 ∨ a1) ≡ b1, (b1 ∨ a2) ≡ b2, (b2 ∨ a3) ≡ b3, (b3 ∨ a4) ≡ b4, (b4 ∨ a5) ≡ b5,
¬a1, ¬b0.

¬ P: ¬((¬a2 ∧ ¬a3 ∧ ¬a4 ∧ ¬a5) → ¬b5)



8. (5) Describe general resolution.

Given clauses C1 and C2 with exactly one literal x ∈ C1 whose complement
¬x ∈ C2, the resolvent of C1 and C2 is the clause containing all literals of C1

and C2 except for x and ¬x. In GR resolvents are added to the clause data
base. The given formula is unsatisfiable iff ∅ is a resolvent.

9. (5) Describe regular resolution.

Choose a variable x and generate and add to the clause database all possible
resolvents with x as pivot. Then, remove all clauses containing x or ¬x from
the clause database. The given formula is unsatisfiable iff ∅ is a resolvent.

10. (15) Describe how to transform the propositional expression

((a ∨ ¬b) → (a ∧ (c ⊕ ¬(¬b ≡ c))) ∧ b)

to an equi-satisfiable CNF formula. You do not have to produce the CNF formula -
I just want to be convinced that you would know what to do.

Define new variables with the following equivalences (numbers in parens rep-
resent the at most 4 clauses that express the definitions logically):

x1 ⇔ ¬b (1)
x2 ⇔ (x1 ≡ c) (2)
x3 ⇔ ¬x2 (3)
x4 ⇔ (c ⊕ x3) (4)
x5 ⇔ (a ∧ x4) (5)
x6 ⇔ (x5 ∧ b) (6)
x7 ⇔ (a ∨ x1) (7)
x8 ⇔ (x7 → x6) (8)

then form the equi-satisfiable CNF formula:

x8 ∧ (8) ∧ (7) ∧ (6) ∧ (5) ∧ (4) ∧ (3) ∧ (2) ∧ (1)



11. (2) Let v1, v2, v3, v4 be Boolean variables. Write a clause that evaluates to 1 if at least
one of the variables has value 1.

(v1 ∨ v2 ∨ v3 ∨ v4)

12. (2) Let v1, v2, v3, v4 be Boolean variables. Write a conjunction of clauses that evaluates
to 1 if at most one of the variables has value 1.

(¬v1 ∨ ¬v2) ∧ (¬v1 ∨ ¬v3) ∧ (¬v1 ∨ ¬v4) ∧ (¬v2 ∨ ¬v3) ∧ (¬v2 ∨ ¬v4) ∧ (¬v3 ∨ ¬v4)

13. (2) In a bounded model checking formulation the variables v1 to v32 are to be initialized
to have value 0. Write a set of clauses that does this (it is ok to use the ellipsis ... to
substitute for an obvious pattern).

¬v1 ∧ ¬v2 ∧ . . . ∧ ¬v32

14. (3) Why is it always OK to add the expression x ≡ vi ∨ vj

to a formula if x does not appear in that formula but vi and vj do?

Because x ≡ vi ∨ vj can always be satisfied - if vi ∨ vj evaluates to 0, make x 0,
otherwise make x 1.

15. (2) What is output by ’sbsat -R r a.bdd’ if the contents of a.bdd is the following:

p bdd 10 10

equ(or(not(a),not(b),c),not(imp(and(a,b),c)))

Unsatisfiable

16. (2) What is the BDD that represents this: (¬v1 ∨ ¬v2 ∨ v3) ≡ (v1 ∧ v2) → v3 ?

T

17. (2) What is validity in propositional logic?

P is valid in Q → P iff Q ∧ ¬ P is unsatisfiable.

18. (6) In first order logic, functions and predicates are declared with arguments taken from
quantified variables and/or constants from some domain, and a semantics that consists
of a mapping from input values to output values for each. The semantic expressions
that describe the mappings succinctly may be written in English, mathematics, or
some other well-defined language and may include unquantified symbols which are de-
clared to be constants but may ’look’ like variables. For example, declare propositional
symbol P, function symbols g,f,lgn. Label bit positions of an n-bit number from 1
to n consecutively (which way is not important). Give the functions and predicate the
following semantics over n-bit numbers (⊕, | are bitwise xor and or, resp.):

g(y,x) = y if x | y == x; 0 otherwise
f(z,x) = z if (0 ⊕ x) | z == x; 0 otherwise
P(q,lgn) = true iff the number of 1 bits in q is lgn and those bit positions

form an arithmetic progression.
lgn = 3.

Using the above, write a first order logic sentence that expresses the following: for
every n-bit number, either there are lgn bits whose value is 1 and whose bit positions
form an arithmetic sequence; or there are lgn bits whose value is 0 and whose bit
positions form an arithmetic sequence.



∀x(∃yP(g(y, x),lgn) ∨ ∃zP(f(z, x),lgn))

19. (2) What is the notion of validity in first order logic?

Same as for propositional logic except over all quantifications of variables.

20. (2) Is the sentence of question 18. valid for 8 bit numbers?

No. It is not valid for 11001100 - no arithmetic progression of length 3 for {1, 2, 5, 6}
and {3, 4, 7, 8}.

21. (4) What is a theory in the context of SMT?

A set of axioms and any formula that is valid due to those axioms.

22. (2) In SMT, under some theory, if the complement of a formula is shown to be unsatisfiable
over all quantified variables, what can be said about the formula?

It is valid in that theory.

23. (10) Write c code that can correspond to the following SMT formulation and add assertions
to prove there is a value for b which causes c to be true

(define a::(bitvector 32))

(define b::(bitvector 32))

(define t::(bitvector 32))

(define s::(bitvector 32))

(define c::(bitvector 1))

(assert (= a 0b00000000000000000000000000000011))

(assert (= t (bv-add a b)))

(assert (= s (bv-mul a b)))

(assert (implies (= (bv-add t 0b00000000000000000000000000000001) s)

(= c 0b1)))

(assert (implies (not (= (bv-add t 0b00000000000000000000000000000001) s))

(= c 0b0)))

unsigned int a = 3, b;

bool c;

unsigned int t = a + b;

unsigned int s = a * b;

if (s == t+1) c = true; else c = false;

Add this constraint to the SMT code: (assert (= c 0b1))



24. (4) Algebraic equations consisting of a sum of multi-linear terms and possibly the constant
1 on the left side and 0 on the right may be used to represent Boolean functions. For
example, the equation v1v3 +v2 +v1v2 = 0 represents the same function as (v1∨¬v2)∧
(¬v1 ∨ ¬v3). A system of such equations may represent a model checking problem,
in the same way that a collection of BDDs does. What operations are available for
manipulating such equations in search for a solution?

(a) addition of like multi-linear terms - what is the result?

Any even numbered additions of like terms results in 0.
Any odd numbered additions of like terms results in that term.

(b) add 2 equations - how is this done, what is done with the new one?

Like terms are added and reduced according to rule (a) above.

(c) reduction of a non-multi-linear term to a multi-linear term - how is this done?

Any factor vn, 1 < n, is reduced to v.

(d) multiplication of a multi-linear term X by an equation - how is this done?

Each term of the left side of the equation is multiplied by X. Resulting
terms are reduced according to rule (c) above.


