
20-CS-472 Design and Analysis of Algorithms Winter, 2011

Midterm Exam

Name: M Number:

Instructions: Answer questions 1-4,7-8 and one of 5 or 6. Dedicated to Adam Stylinski
and Jeremy O’Brien.

1. (10) If P 6= NP , why can there be no approximation algorithm for the Traveling Salesman
Problem that returns a tour of all vertices whose total cost is guaranteed to be less
than 100 times greater than the optimum tour?

Because then the Hamiltonian Circuit problem would be solvable in polynomial time.
To any HC input graph G with n vertices, put weight 1 on existing edges and add
edges of weight 100 ∗ n to form a complete graph. Apply the alleged approximation
algorithm to the weighted graph. If the answer comes out n, there is a Hamiltonian
Circuit in G, otherwise there is not.

2. (10) Suppose a CNF (product of sums) Boolean formula has only negative literals. Give an
assignment of values to the variables of the formula that causes the formula to have
value 1. Give an assignment that causes the formula to have value 0.

Value 1: all variables get value 0
Value 0: all variables get value 1

3. (10) In what sense are NP-complete problems considered to be the ”hardest” problems in
NP?

Every NP problem can be reduced to an NP-complete problem X in polynomial time.
Hence, if X can be solved in polynomial time, so can all NP problems via reduction to
X and this means no NP problem is any harder than X. But X may be harder than
a problem Y : Y may be solved efficiently by algorithm P , and may have an efficient
reduction to X but if X is hard (no known efficient algorithm), X will be abandoned
and P will be used to solve Y .

4. (10) Consider the following coin denominations: 1, 3, 5, 10, 22, 50. Can the greedy method
be used to find the smallest number of coins of these denominations with total value
equal to some number B? Why?

No. The greedy method will say 50+10+5+1 (4 coins) will be needed to make change
for 66 cents. The smallest number of coins needed is three (22+22+22).



5. Consider a dynamic program for the knapsack problem where the entry in the ith

row and jth column is the minimum total size of a subset of the first i objects whose
values sum to j. Recall an instance of the knapsack problem is a collection of objects
a[1],a[2],...,a[n] each with a positive integer profit and positive integer size,
and a number B which is called the knapsack capacity. The problem is to find the
subset of objects whose sizes sum to a number no greater than B and whose values
sum to a number that is greater than that of any other subset of objects that “fit” into
the knapsack.

5a. (10) Write an expression or C++ code that updates rows of this dynamic program for
the knapsack problem.

cell[i][j] = min{ cell[i-1][j], cell[i-1][j-profit(a[i])]+size(a[i]) }

5b. (10) What is the complexity of completing this dynamic program?

O(n2Pmax)

where Pmax is the maximum profit of all objects.

5c. (10) Why is this not a polynomial in the input size?

Input size is O(n log(Pmax)). Complexity = O(n22log(Pmax))

5d. (10) Make this dynamic program into a polynomial time approximation algorithm that
is guaranteed to return a subset of objects with total value that is within 1 + ǫ
times the value of the optimal solution. What is the algorithm and what is the
complexity in terms of ǫ?

Let K=Pmax/((1/ǫ+1)n). Change the profit of all objects a[i] to ⌊ profit(a[i])/K⌋.
Solve by dynamic programming. The complexity is O(n3(1/ǫ + 1)).



6. Consider a dynamic program for the vertex cover problem. Recall an instance of the
vertex cover problem is a graph G(V,E) and let vertex set V = {v1, v2, . . . , vn}. A
vertex cover of G is a subset V ′ ⊂ V of vertices such that for all edges 〈x, y〉 ∈ E,
either x ∈ V ′ or y ∈ V ′ or {x, y} ⊂ V ′. The vertex cover problem is to determine
whether there is a vertex cover of size at most k given G.

6a. (10) What is the meaning of each cell of the dynamic program table?

cell[i][j] = the set of all vertex covers of size j that exist for vertices v1, v2, ..., vi.

6b. (10) Write an expression or C++ code that updates rows of this dynamic program for
the vertex cover problem.

for (cs=DP[k][i]->getFirst(); cs != NULL; cs=DP[k][i]->getNext()) {

DP[k+1][i+1]->add((cs->getCopy())->add(k+1));

if (graph->allAdjCovered(k+1,cs)) DP[k+1][i]->add(cs->getCopy());

}

6c. (10) What is the complexity of completing this dynamic program?

O(kn2n)

6d. (10) Why is this not a polynomial in the input size?

Are you kidding?



7. (10) Show that 3-CNF is NP-complete. Clauses of 3-CNF are disjunctions of 3 literals each.
Try a reduction from Satisfiability.

Reduce from Satisfiability instance I as follows: for every clause c in I with more than
3 literals, introduce a new variable xc, split c into two clauses with one clause con-
taining 2 literals from c plus xc and the other clause containing the remaining literals
from c plus x̄c. Repeat until all clauses have 3 or fewer literals. The reduction takes
time linear in the number of literals of I, hence it is efficient. The 3-CNF formula is
satisfiable if and only if I is.

8. (10) What is a matroid? Write the greedy algorithm in terms of a matroid optimization
problem.

Given a set of objects E = {o1, o2, . . . , on}, let M ⊂ 2E be a subset of the power set of
E, including the empty set. Suppose the following two properties hold for M :

(a) If I ∈ M , then for any subset I ′ ⊂ I, I ′ ∈ M .

(b) If I1 ∈ M and I2 ∈ M and |I1| = |I2| + 1, then there is an e ∈ I1 such that
I2 ∪ {e} ∈ M .

Then M is a matroid.

// Given matroid M made from objects E, and a weight function on

// each object, find the maximum cardinality member of M with

// least (most) weight of all members of M

Greedy (E,M) {

Set S = emptyset

Repeat the following until E is empty

Let e be the least (highest) weight object in E

Remove e from E

If ({e} U S) is a member of M then Set S = S U {e}

end of Repeat

Output S

}


