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Abstract

Boosting is one of the most significant development in ma-
chine learning areas in recent years. Although boosting has
already achieved great success in practical applications, its
internal mechanism has not been entirely understood. In this
paper, we present a new perspective to design boosting algo-
rithms: extracting independent weak rules. A boosting algo-
rithm can be divided into two parts, an extractor and a com-
biner. We first introduce the concept of independency into
boosting. Our target is to use an extractor to generate a se-
quence of high-accuracy weak rules that are mutually inde-
pendent on the original data distribution, then use a combiner
to merge these independent rules into a strong classifier. In
order to design such a boosting algorithm, we introduce an
assumption based on the essence of weak learners. In this per-
spective, the mechanism of AdaBoost can be interpreted very
naturally, and a criterion evaluating whether a weak learner
is suitable to be used for boosting is proposed. A series of
experiments are conducted on real datasets to verify the the-
oretical conclusions we derived in this paper.

Keywords: machine learning, boosting, adaboost, inde-
pendent rules.

1 Introduction
The concept of boosting was first introduced by (Kearns
& Valiant, 1988, 1994). The target is to “boost” a group
of weak classifiers that perform only slightly better than
random guessing, to an arbitrarily accurate strong classi-
fier. The most typical and widely used boosting algorithm is
the AdaBoost algorithm introduced by (Freund & Schapire,
1995). A brief version of the pseudocode of AdaBoost is
given in Figure 1. For more information about the histories
and recent developments of boosting, see the overview arti-
cle by (Schapire, 2002).

Several theoretical researches have been conducted to ex-
plain the mechanism of boosting. (Friedman, Hastie, & Tib-
shirani, 2000) showed that boosting can be viewed as an ap-
proximation to additive modeling on the logistic scale us-
ing maximum Bernoulli likelihood as a criterion. (Schapire,
2001) introduced a kind of game named drift games that can
model some boosting and online-learning algorithms. An
analysis from (Kivinen & Warmuth, 1999) showed that Ad-
aboost minimizes the relative entropy between the new dis-
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Given: training examples (x1, y1), · · · , (xm, ym). Start with dis-
tribution D1(k) = 1/m.
For t = 1, 2, · · · , T :

1. Generate classifier ht using weak learner W on distribution Dt.
2. Evaluate the accuracy of ht on Dt by ct =

∑
h(xk)=yk

Dt(k), set

αt = 1
2

ln
(

ct
1−ct

)
.

3. Update: Dt+1(k) = Dt(k) exp(−αtykht(xk))
Zt

where Zt is the
normalization factor.

Output the final classifier: H(x) = sgn
( T∑

t=1

αtht(x)
)

.

Figure 1: The AdaBoost Algorithm.

tribution and previous distributions, under the constraint that
the vector of mistakes of the current weak hypothesis is al-
ways orthogonal to the old ones. However, these ideas seem
to be more mathematical but less intuitive, and each of them
can only cover a single part of the boosting area.

In this paper, we consider the problem of boosting in a
more natural perspective. When boosting algorithm gen-
erates a group of rough rules from the instance space, we
hope that these rules are independent, or mutually uncor-
related. The concept of independency of a group of rules
means that for an example picked randomly from the in-
stance space according to some distribution, whether this ex-
ample conforms to (can be correctly classified by) one rule
is entirely unrelated to its conformance with other rules. We
will give a mathematical definition of independency in Sec-
tion 2. In fact, people often follow the principles of indepen-
dency when they make decisions in daily life. For example,
before a law is made the government would collect opinions
from people who do different jobs and represent different so-
cial classes, because these people consider the same problem
in independent perspectives. In machine learning problems,
we believe that a group of independent rules have the ability
to describe the characteristics of a dataset most efficiently
and most comprehensively. Moreover, if a group of rules
are mutually independent, their correctness on an instance
space can be represented by a group of independent random
variables, this property holds obvious advantages for further
analysis.

Our target is to extract a group of weak rules using an ex-



tractor. These rules should be mutually independent on the
original distribution D1, and we hope their accuracies on D1

being as high as possible. Then a combiner can be designed
to merge these independent rules into a strong classifier. It
is hard to extract such a group of independent rules from the
original distribution directly. But fortunately, we have an al-
ternative choice. We start from the original distribution D1,
train a rule h1 from D1 using the weak learner W . We try to
construct a new distribution D2 from (D1, h1) such that the
rule h2 trained from D2 is independent with h1 on D2. Then
we construct another distribution D3 from (D1, h1, D2, h2)
such that the rule h3 trained from D3 is independent with
h1, h2 on D3. In general, we sequentially construct new
distributions according to the properties of existing distribu-
tions and rules, and try to make each new rule being inde-
pendent with existed rules on its training distribution. When
all rounds of training are finished, it can be proved that the
independency of these rules is preserved when they are ap-
plied to the original distribution D1, this property is called
the lifting of independency. It can also be proved that each
rule has the accuracy on D1 as high as its training accuracy,
this is called the lifting of accuracy. Through this method,
we can reduce the problem of constructing a group of inde-
pendent rules to the problem of constructing a sequence of
appropriate distributions, the latter problem is relatively eas-
ier to be solved. However, an assumption is still needed to
design the practical extractors and combiners. We call this
assumption the independency assumption, which is based on
the essence of the weak learner W .

In this paper, we introduce a most naive, or most intu-
itive version of the independency assumption. Under this
assumption, a naive extractor can be designed to generate a
group of rules which are mutually independent on D1 and
has high accuracies, and a naive combiner can be designed
to merge these rules. The feasibility will be proved in Sec-
tion 3. The upper bound of the error for the final classifier
can be estimated by a very simple statistical analysis. We
will point out that Adaboost is exactly composed by a naive
extractor and a naive combiner, so AdaBoost is the algorithm
derived from the naive version of independency assumption.

In Section 4 we conduct a series of experiments to ver-
ify the adaptability of the independency assumption under
weak learners C4.5, NaiveBayes and Artificial Neural Net-
works. Since all advantages on independency proved in Sec-
tion 3 are based on the independency assumption, so we can
also use the independency assumption as a criterion to see
whether a weak learning is suitable to be improved through
boosting.

2 The Independency of Rules
An instance space X × Y contains m examples:
(x1, y1), · · · , (xm, ym), where xk ∈ X and yk ∈ Y =
{−1, 1}. A map set H is the set of weak rules that can be
generated by the weak learner W . h ∈ H : X → Y is a
rule on the instance space, we also call it as a hypothesis,
in this paper, we assume that H is symmetric, which means
that if h ∈ H, then its opposite−h ∈ H. A distribution over
the instance space is a function D : {1, · · · ,m} → [0, 1],
which satisfies the normalization condition

∑m
k=1 D(k) =

1. D(k) indicates the weight, or the quantity proportion, of
example (xk, yk). The conforming function of h is defined
to be

ϕ(x) =
{

1 h(x) = y
0 h(x) 6= y

(1)

It indicates whether (x, y) can be correctly classified by h.
The complement of ϕ is ϕ(x) = 1 − ϕ(x). Two sim-
ple properties of the conforming function will be used fre-
quently in latter derivations, they are ϕ(x)ϕ(x) = ϕ(x) and
ϕ(x)ϕ(x) = 0. The accuracy of h on distribution D is de-
fined to be

c(h,D) =
m∑

k=1

D(k)ϕ(xk) (2)

which is the sum of weights of the examples that can be
correctly classified by h.

For a sequence of hypotheses h1, · · · , hn, their conform-
ing functions are denoted by ϕ1, ϕ2, · · · , ϕn. Given a distri-
bution D, if for any arbitrary nonempty set S ⊆ {1, · · · , n}
the following equation holds,

m∑

k=1

(
D(k)

∏

i∈S

ϕi(xk)
)

=
∏

i∈S

( m∑

k=1

D(k)ϕi(xk)
)

(3)

then we call h1, · · · , hn to be mutually independent on D,
or briefly independent on D. If a group of hypotheses are
mutually independent on D, a generalization of equation (3)
can be derived. That is, if we replace some ϕi by ϕi in both
sides of (3), it does not change the validity of this equation.

Lemma 1 If h1, · · · , hn are mutually independent on dis-
tribution D, then for two arbitrary sets S+, S− such that
S+ ∪ S− ⊆ {1, · · · , n} and S+ ∩ S− = ∅, the following
equation holds

m∑
k=1

(
D(k)

∏
i∈S+

ϕi(xk)
∏

j∈S−
ϕj(xk)

)

=
∏

i∈S+

( m∑
k=1

D(k)ϕi(xk)
) ∏

j∈S−

( m∑
k=1

D(k)ϕj(xk)
) (4)

This property of independency will be used in some deriva-
tions in Section 3. A corollary can be derived directly from
Lemma 1. We show it as follow.

Corollary 1 If h1, · · · , hn+1 are mutually independent on
distribution D, then for two arbitrary sets S+, S− such that
S+ ∪ S− ⊆ {1, · · · , n} and S+ ∩ S− = ∅, the following
equation holds

m∑
k=1

(
D(k)ϕn+1(xk)

∏
i∈S+

ϕi(xk)
∏

j∈S−
ϕj(xk)

)

m∑
k=1

(
D(k)

∏
i∈S+

ϕi(xk)
∏

j∈S−
ϕj(xk)

)

=
m∑

k=1

D(k)ϕn+1(xk).

(5)

Given two sets S+, S− specified in Corollary 1, a set of
hypotheses can be constructed by V = {hi|i ∈ S+} ∪
{−hj |j ∈ S−}. The denominator of (5) is the proportion
of the examples that satisfy all hypotheses in V on distri-
bution D, and the numerator of (5) is the proportion of the
examples that satisfy all hypotheses in V ∪ {hn+1}. There-
fore, the left part of (5) is a conditional accuracy, which in-
dicates the accuracy of hn+1 on D under the condition that
all hypotheses in V are satisfied. Corollary 1 states that if



hn+1 is independent with h1, · · · , hn on D, this conditional
accuracy is always equal to the general accuracy of hn+1,
independent of the selection of S+ and S− . This corollary
describes an important property of independency.

We introduce the concept of correlation coefficient in
probability theory in order to measure the correlation of two
hypotheses. Define the correlation coefficient of hi and hj

on distribution D to be
ρ(hi, hj , D) =

m∑
k=1

D(k)ϕi(xk)ϕj(xk)−
m∑

k=1
D(k)ϕi(xk)

m∑
k=1

D(k)ϕj(xk)

√
V ar(ϕi,D)V ar(ϕj ,D)

(6)

where V ar(ϕ,D) is the variance of ϕ(x) on D:

V ar(ϕ, D) =

m∑

k=1

D(k)ϕ2(xk)−
( m∑

k=1

D(k)ϕ(xk)
)2

. (7)

The correlation coefficient ρ is a real number lies between
−1 and +1. The numerator part of (6) shows that hi

is independent with hj on D if and only if their correla-
tion coefficient is 0. It is easy to see that ρ(hi, hj , D) =
−ρ(−hi, hj , D), so hi is independent with hj on D if and
only if ρ(hi, hj , D) = ρ(−hi, hj , D), which means that hi

and −hi have the same degree of correlation with hj . Intu-
itively, hi is independent with hj if hj inclines neither to hi

nor to −hi.

Now we return to the problem of boosting. Consider the
weak learner W . Using W , a hypothesis hi can be gener-
ated on an arbitrary distribution Di. The effectiveness of W
guarantees that hi has relatively high accuracy on Di. Given
a sequence of existing hypotheses h1, · · · , hn and a distri-
bution Dn+1, a new hypothesis can be generated on Dn+1

using W . If the n + 1 hypotheses h1, · · · , hn, hn+1 are
mutually independent on Dn+1, then we say that the group
of hypotheses {h1, · · · , hn} is indiscernible on distribution
Dn+1, for weak learner W . Indiscernibility is a core con-
cept in this paper. This concept holds two meanings. First,
h1, · · · , hn have to be mutually independent on Dn+1 them-
selves. Second, for an example sampled randomly by Dt+1,
the probability that it can be correctly classified by hn+1 is
entirely uncorrelated to whether it was correctly classified
by h1, · · · , hn, which means that the weak learner W is not
influenced by any one of h1, · · · , hn when the new hypoth-
esis is trained on Dn+1. The mathematical explanation for
this property was showed in Corollary 1.

In boosting algorithms, the sequence of distributions and
hypotheses D1, h1, D2, h2, · · · are generated sequentially,
from the original distribution D1 using weak learner W . In
this process, we hope that for an arbitrary n, the group of
hypotheses {h1, · · · , hn} is always indiscernible on Dn+1.
If this requirement is satisfied, it can be proved that the se-
quence of hypotheses generated in this process are mutually
independent on D1, and their accuracies on D1 are as high
as their training accuracies. We hope to find an extractor to
achieve this, but it is not a simple task, even the feasibil-
ity of this can not be guaranteed theoretically. However, if
we introduce an assumption according to the behavior of the
weak learner, it is possible to do so. In next section, we will
discuss this in details.

3 The Independency Assumption and
AdaBoost

In this section, an extractor and a combiner will be de-
signed based on the principle of independency. Given a
weak learner W , we try to find such a method, which
uses the existing distributions D1, · · · , Dn and hypotheses
h1, · · · , hn to construct a new distribution Dn+1, such that
{h1, · · · , hn} is indiscernible on Dn+1. The algorithm that
construct a sequence of distributions and hypotheses in this
way is called an extractor. According to the definition in
Section 2, the indiscernibility of a group of hypotheses on
distribution Dn+1 can be verified only after hn+1 is gener-
ated. However, our target is to construct such a Dn+1 before
the training of hn+1 begins, so it is necessary to find another
criterion for indiscernibility.

If a group of hypotheses {h1, · · · , hn} is indiscernible
on Dn+1, we first know that h1, · · · , hn are mutually in-
dependent on Dn+1. Moreover, for an arbitrary hi ∈
{h1, · · · , hn}, hi has to be independent with hn+1, which
means ρ(hi, hn+1, Dn+1) = ρ(−hi, hn+1, Dn+1). We no-
tice that every example in the instance space must conform
to one and only one of hi and −hi. So if we require the
two opposite hypotheses to have the same degree of cor-
relation with hn+1, a very intuitive idea is to force these
two hypotheses having the same accuracy on Dn+1, which
means that we require the accuracy of hi on Dn+1 to be
1
2 . To explain this idea, consider the situation that hi and
−hi have distinct accuracies. Without loss of generality,
we can assume that c(hi, Dn+1) > c(−hi, Dn+1). Re-
member that the weak learner W has an instinctive ten-
dency to choose stronger hypotheses, so if hi is stronger
than −hi on Dn+1, the new hypothesis trained on Dn+1

should has a very high probability to be more similar to
hi, and less similar to its opposite −hi, which means
ρ(hi, hn+1, D) > ρ(−hi, hn+1, D). This contradict with
the fact that ρ(hi, hn+1, D) = ρ(−hi, hn+1, D). Therefore,
it is reasonable to require the accuracy of hi on distribution
Dn+1 to be 1

2 . By considerations above, we introduce an
assumption as follow.
Assumption 1 (The independency assumption) If a
group of hypotheses h1, h2, · · · , hn are mutually indepen-
dent on distribution Dn+1, and their accuracies on Dn+1

are all 1
2 , then {h1, h2, · · · , hn} is indiscernible on Dn+1.

Assumption 1 is based on the fact that the weak learner
W always prefers stronger hypotheses. We have not con-
sidered any other factors that affect the behavior of W in
this assumption, so it is in its simplest form, we call this
the naive version of independency assumption. Assumption
1 is composed of two parts: the condition part, which re-
quires h1, · · · , hn to be mutually independent on Dn+1 and
have accuracy 1

2 ; and the conclusion part, which asserts that
{h1, h2, · · · , hn} is indiscernible on Dn+1. Assumption 1
only states the logic relation between the condition part and
the conclusion part, but never asserts if these two parts are
true or not. However, we will see that, under the premise that
Assumption 1 is true, an extractor can be designed to satisfy
the condition part, and then guarantees that the conclusion
part always holds.



In this section, we adopt the correctness of Assumption
1, and use it as a fact. Our task is to design a T rounds
extractor to make sure that the condition part of the assump-
tion holds in each rounds of training. As before, we denote
the sequence of distributions by D1, · · · , DT , they are con-
structed sequentially in T rounds of training. Denote the hy-
potheses trained from these distributions by h1, · · · , hT , and
denote their conforming functions by ϕ1, ϕ2, · · · , ϕT . For
1 ≤ t ≤ T , the accuracy of ht on Dt(its training accuracy)
is written as ct. Consider the extractor which constructs a
sequence of distributions by the following recursion:

D1(k) = 1
m

Dt+1(k) =

{
Dt(k)
2ct

ϕt(xk) = 1
Dt(k)

2(1−ct)
ϕt(xk) = 0

(1 ≤ t ≤ T − 1)

(8)

This recursion has another form which is more commonly
used:

D1(k) = 1
m

Dt+1(k) = Dt(k)
2ct

ϕt(xk) + Dt(k)
2(1−ct)

ϕt(xk)

(1 ≤ t ≤ T − 1)

(9)

Under this recursion, it is easy to see that c(ht, Dt+1) = 1
2 ,

this is exactly what the design of this recursion aims to.
The following two lemmas prove the validity and rational-
ity of the distributions generated according to this recursion.
Lemma 2 states that all of these distributions meet the con-
dition of normalization; Lemma 3 states that the condition
part of Assumption 1 is satisfied in each round of training.
The proof of Lemma 2 is omitted because of its simplicity.
Lemma 2 The sequence of distributions D1, · · · , DT con-
struced by recursion (8) meet the normalization condition,
that is, for an arbitrary 1 ≤ t ≤ T ,

∑m
k=1 Dt(k) = 1.

Lemma 3 If D1, · · · , Dn are constructed by recursion (8),
then for an arbitrary 1 ≤ t ≤ T − 1, hypotheses h1, · · · , ht

are mutually independent on Dt+1 and their accuracies are
all 1

2 on Dt+1.
Proof We prove Lemma 3 by induction. When t = 1, we
only need to prove c(h1, D2) = 1

2 , this can be concluded
directly from (8). When 2 ≤ t ≤ T − 1, assume that the
conclusion holds for t − 1, which means that h1, · · · , ht−1

are mutually independent on Dt, and their accuracies on Dt

are all 1
2 . By Assumption 1, we also know that h1, · · · , ht

are mutually independent on Dt. Thus for i = t,

c(ht, Dt+1) =
m∑

k=1

Dt+1(k)ϕt(xk)

=
m∑

k=1

(
1

2ct
Dt(k)ϕt(xk)ϕt(xk) + 1

2(1−ct)
Dt(k)ϕt(k)ϕt(xk)

)

= 1
2ct

m∑
k=1

Dt(k)ϕt(xk) = 1
2

And for 1 ≤ i ≤ t− 1,
c(hi, Dt+1) =

m∑
k=1

Dt+1(k)ϕi(xk)

= 1
2ct

m∑
k=1

Dt(k)ϕt(xk)ϕi(xk)

+ 1
2(1−ct)

m∑
k=1

Dt(k)ϕt(k)ϕi(xk)

=
(

1
2ct

m∑
k=1

Dt(k)ϕt(xk) + 1
2(1−ct)

m∑
k=1

Dt(k)ϕt(k)
)

·
( m∑

k=1

Dt(k)ϕi(xk)
)

= 1
2

This proves the conclusion that h1, · · · , ht all have accuracy
1
2 on Dt+1. Next we prove their independencies. For an
arbitrary nonempty set S ⊆ {1, · · · , t}, if t ∈ S then

m∑
k=1

(
Dt+1(k)

∏
i∈S

ϕi(xk)
)

=
m∑

k=1

(
Dt+1(k)ϕt(xk)

∏
i∈S−{t}

ϕi(xk)
)

= 1
2ct

m∑
k=1

(
Dt(k)ϕt(xk)

∏
i∈S−{t}

ϕi(xk)
)

= 1
2ct

∏
i∈S

( m∑
k=1

Dt(k)ϕi(xk)
)

= 1

2|S| =
∏
i∈S

( m∑
k=1

Dt+1(k)ϕi(xk)
)

Notice that the last equation above uses the conclusion we
have just proved, which states that c(hi, Dt+1) = 1

2 for 1 ≤
i ≤ t. The similar techniques can be applied to the cases
when t /∈ S:

m∑
k=1

(
Dt+1(k)

∏
i∈S

ϕi(xk)
)

= 1
2c

m∑
k=1

(
Dt(k)ϕt(xk)

∏
i∈S

ϕi(xk)
)

+ 1
2(1−ct)

m∑
k=1

(
Dt(k)ϕt(xk)

∏
i∈S

ϕi(xk)
)

=
(

1
2c

m∑
k=1

Dt(k)ϕt(xk) + 1
2(1−ct)

m∑
k=1

Dt(k)ϕt(xk)
)

· ∏
i∈S

( m∑
k=1

Dt(k)ϕi(xk)
)

= 1

2|S| =
∏
i∈S

( m∑
k=1

Dt+1(k)ϕi(xk)
)

In this way, we proved the conclusion for t. This completes
the induction. ¤

Corollary 2 If D1, · · · , Dn are constructed by recursion
(8), then for arbitrary 1 ≤ t ≤ T , hypotheses h1, · · · , ht

are mutually independent on Dt.

According to Lemma 2 and Lemma 3, we have already
obtained a valid extractor. This extractor maintains a se-
quence of distributions D1, · · · , DT according to recursion
(8), and generate a hypothesis ht from Dt in each round
t using the weak learner W . In this process, the conclu-
sion part of Assumption 1 always holds. We call this ex-
tractor as the naive extractor since it is designed to match
the naive version of independency assumption. All distri-
butions D1, · · · , DT and hypotheses h1, · · · , hT discussed
in the latter part of this section are generated by the naive
extractor. Our wish is to lift the independencies and accu-
racies of h1, · · · , hT up to the original distribution D1, the
following theorem shows that we can achieve this target.

Theorem 1 When T rounds of training are finished, for ar-
bitrary (i, t) satisfying 1 ≤ i, t ≤ T , the accuracy of hi on
Dt is

c(hi, Dt) =
{

ci i ≥ t
1
2 i < t

(10)

and h1, · · · , hT are mutually independent on Dt.

Proof We prove Theorem 1 by backward induction. When
t = T , the proof is provided by the conclusion of Lemma
3 and Corollary 2. For 1 ≤ t ≤ T − 1, assume that the
conclusion holds for t + 1. Consider the accuracy of hi



on Dt: if i < t, c(hi, Dt) = 1
2 by theorem 1; if i = t,

c(hi, Dt) = ci by the definition of ci; if i ≥ t+1, according
to the inductive assumption, we know that c(hi, Dt+1) = ci,
c(ht, Dt+1) = 1

2 , and hi is independent with ht on Dt+1.
So,

m∑
k=1

Dt(k)ϕi(xk)

=
m∑

k=1

Dt(k)ϕt(xk)ϕi(xk) +
m∑

k=1

Dt(k)ϕt(xk)ϕi(xk)

= 2ct

m∑
k=1

Dt+1(k)ϕt(xk)ϕi(xk)

+2(1− ct)
m∑

k=1

Dt+1(k)ϕt(xk)ϕi(xk)

=
(
2ct

m∑
k=1

Dt+1(k)ϕt(xk)+

2(1− ct)
m∑

k=1

Dt+1(k)ϕt(xk)
) m∑

k=1

Dt+1(k)ϕi(xk)

=
m∑

k=1

Dt+1(k)ϕi(xk) = ci

This proves that the accuracy of hi on Dt is coin-
cident with (10). Notice that

∑m
k=1 Dt(k)ϕi(xk) 6=∑m

k=1 Dt+1(k)ϕi(xk) only if i = t, thus for an arbitrary
nonempty set S ⊆ {1, · · · , T}, if t ∈ S we have

m∑
k=1

(
Dt(k)

∏
i∈S

ϕi(xk)
)

=
m∑

k=1

(
Dt(k)ϕt(xk)

∏
i∈S−{t}

ϕi(xk)
)

= 2ct

m∑
k=1

(
Dt+1(k)ϕt(xk)

∏
i∈S−{t}

ϕi(xk)
)

= 2ct

∏
i∈S−{t}

( m∑
k=1

Dt+1(k)ϕi(k)
)

= 2ct

( m∑
k=1

Dt+1(k)ϕt(k)
)
· ∏

i∈S−{t}

( m∑
k=1

Dt(k)ϕi(k)
)

=
∏
i∈S

( m∑
k=1

Dt(k)ϕi(k)
)

If t /∈ S,
m∑

k=1

(
Dt(k)

∏
i∈S

ϕi(xk)
)

= 2ct

m∑
k=1

(
Dt+1(k)ϕt(xk)

∏
i∈S

ϕi(xk)
)

+2(1− ct)
m∑

k=1

(
Dt+1(k)ϕt(xk)

∏
i∈S

ϕi(xk)
)

=
(
2ct

m∑
k=1

Dt+1(k)ϕt(xk)+

2(1− ct)
m∑

k=1

Dt+1(k)ϕt(xk)
) ∏

i∈S

( m∑
k=1

Dt+1(k)ϕi(xk)
)

=
∏
i∈S

( m∑
k=1

Dt+1(k)ϕi(xk)
)

=
∏
i∈S

( m∑
k=1

Dt(k)ϕi(xk)
)

In this way the independency of h1, · · · , hT on Dt is proved,
this completes the induction. ¤
Corollary 3 On distribution D1, all of the hypotheses
h1, · · · , hT are mutually independent. For an arbitrary hy-
pothesis hi ∈ {h1, · · · , hT }, c(hi, D1) = ci.

Corollary 3 shows that the naive extractor is exactly what
we want, since all hypotheses generated by this extractor are
mutually independent on D1, and their accuracies on D1 are
equal to their training accuracies, which are relatively high.

Another algorithm is still needed to combine these inde-
pendent hypotheses into a strong final classifier, this algo-
rithm can be referred as a combiner. A combiner receives a
set of T bits strings (h1(xk), · · · , hT (xk))k=1,··· ,m as input
on distribution D1, and tries to output a correct label yk for
each k. This is also a learning problem, so the combiner can
be constructed by some other learning algorithms. In this
paper, we only consider the simplest form of the combiner,
which is a weighted majority vote of weak hypotheses.

Based on the fact that h1, · · · , hT are mutually indepen-
dent, the combiner can be designed in a statistical perspec-
tive as follow. Define random variables ui = yhi(x) for
1 ≤ i ≤ T , (x, y) is an example randomly picked from
the instance space according to distribution D1. Notice that
yhi(x) = 2ϕi(x)− 1, so ui has ci probability to be +1, and
1 − ci probability to be −1. Furthermore, u1, · · · , uT are
mutually independent random variables. If the final output
of the combiner is determined by a weighted majority vote,
namely H(x) = sgn(

∑T
i=1 λihi(x)), then the accuracy of

the final classifier is exactly the expectation value of H(x)+1
2 ,

which is equal to E( sgn(
∑T

i=1 λiui)+1

2 ). Considering the in-
equity 1− sgn(x)+1

2 ≤ e−x, we can estimate the error rate of
the final classifier as:

E
(
1− 1

2

(
sgn

( T∑
i=1

λiui

)
+ 1

))

≤ E
(
exp

(
−

T∑
i=1

λiui

))

=
T∏

i=1

E
(
exp(−λiui)

)

=
T∏

i=1

(
(1− ci) exp(λi) + ci exp(−λi)

)

The last term reaches its minimum value when λi =
1
2 ln

(
ci

1−ci

)
, this minimum value is

T∏
i=1

(
2
√

ci(1− ci)
)

.

The combiner using such λi as combination coefficients is
called the naive combiner, because it merges the hypothe-
ses extracted by a naive extractor into a simplest form of
the final classifier. If there exist a constant δ > 0 such that
ci > 1

2 + δ, the error rate of the final classifier can be upper

bounded by
(√

1− 4δ2
)T

. This is coincident with the re-
sult of (Freund & Schapire, 1995) for AdaBoost. Actually,
Adaboost is precisely such an algorithm that composed by
a naive extractor and a naive combiner which we designed
above. Therefore, AdaBoost is the algorithm derived from
the naive version of independency assumption.

Theorem 2 The AdaBoost algorithm is composed by a
naive extractor and a naive combiner.

Proof To prove the theorem, it is sufficient to prove that Ad-
aboost uses the same recursion as the naive extractor, and
uses the same combination coefficients as the naive com-
biner. The naive extractor’s recursion (8) can also be written
as:

Dt+1(k) =





1

2
√

ci(1−ci)

√
1−ci

ci
Dt(k) ykht(xk) = 1

1

2
√

ci(1−ci)

√
ci

1−ci
Dt(k) ykht(xk) = −1



Table 1: Datasets Characteristics
dataset # examples # classes # attributes

Credit Approval(crx) 690 2 15
Heart Disease(heart) 920 2 35

Pima Indians Diabetes(pima) 768 2 8
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Figure 2: Average Correlation Coefficients and Average Accuracy Ratios.

(11)
We set αt = 1

2 ln
(

ci

1−ci

)
and Zt = 2

√
ci(1− ci), then (11)

is equivalent to:

Dt+1(k) =
Dt(k) exp(−αtykht(xk))

Zt
(12)

which is precisely the recursion of AdaBoost. For com-
bination coefficients, the naive combiner’s coefficients
λi = 1

2 ln
(

ci

1−ci

)
is also the same as AdaBoost. So the

conclusion is proved. ¤

According to Corollary 3 and Theorem 2, AdaBoost has
two advantages if Assumption 1 is true. They are: all weak
hypotheses are mutually independent on the original distri-
bution, and their accuracies on this distribution are as high
as their training accuracies. This explains why AdaBoost
is efficient on improving the performance of weak learners.
On the other hand, Assumption 1 can also be used as a cri-
terion on evaluating whether a weak learner W is suitable
to be used for boosting through AdaBoost. Because if W
does not satisfy Assumption 1, we can not guarantee that
AdaBoost works efficiently on W .

4 Experiments and Analysis
In this section, some experiments on real datasets are pre-
sented to verify the conclusions in Section 3. We want to
test the adaptability of Assumption 1 on three kinds of weak
learners: Quinlan’s C4.5 decision-tree algorithm(Quinlan,
1993), Naive Bayes Classifier and Artificial Neural Net-
works(ANN). Instead of measuring Assumption 1 itself, we

test two properties derived form this assumption, which
are stated in Corollary 3. According to Corollary 3, for
an arbitrary iteration t of AdaBoost, the weak hypotheses
h1, · · · , ht are mutually independent on D1 and their accu-
racies on D1 are equal to their training accuracies, if As-
sumption 1 is true. In our experiment, two quantities are
measured after each round t of AdaBoost. One is the aver-
age correlation coefficient, defined by

C(t) =

∑
1≤i<j≤t

ρ(hi, hj , D1)

t(t− 1)/2
. (13)

The other one is the average accuracy ratio, defined by

R(t) =

t∑
i=1

c(hi, D1)

t∑
i=1

ci

. (14)

Corollary 3 asserts that these two values should be 0 and 1
respectively for each t.

Three datasets from UCI Machine Learning Repository
are tested on each of the three weak learners. The detail in-
formation of these datasets are showed in Table 1. We use
RPROP(Riedmiller & Braun, 1993) algorithm to train neural
networks, each neural network contains a single hidden layer
with six hidden nodes, and it takes 100 epoches of training
in each round of boosting. All of the three datasets are con-
verted to the PROBEN1(Prechelt, 1994) format when they
are applied to ANN weak learners. Both of the C4.5 weak
learner and the Naive Bayes weak learner are used with de-
fault options. In each round of boosting, the training exam-



ples are chosen independently at random according to the
distribution Dt. The number of examples sampled in each
round is exactly equal to the size of the dataset. This sam-
pling method can be referred as resampling. Results of these
experiments are showed in Figure 2.

According to these results, the average independencies are
satisfied well by the three weak learners. When t is small,
the average correlation coefficient inclines to be negative on
C4.5, and positive on Naive Bayes and ANN. As t grows
large, it converges to a constant value very close to zero, ex-
cept for the pima dataset on the Naive Bayes weak learner.
As for accuracies, ANN weak learners keep the average ac-
curacy ratios very close to 1, Naive Bayes hold this ratio
slightly larger than 1 on crx and heart dataset, and about
10% larger than 1 on pima dataset. For C4.5 weak learners,
this ratio converges to a value about 15% less than 1 on all
of the three datasets.

We can make some analysis on these results. All of the
three weak learners keep the correlation coefficients very
close to zero on almost all datasets, which means that Ad-
aBoost works well on extracting independent rules. The av-
erage accuracy ratio almost reaches its theoretical values for
ANN weak learners, and holds some deviations for C4.5 and
Naive Bayes. However, theses deviations are at most 15%,
so accuracies are not changed too much when they are lifted.
In general, the experiment confirms that it is reasonable to
apply Assumption 1 on these weak learners. On the other
hand, this result also gives an experimental verification to
the effectiveness of Adaboost.

The experiment suggests that there exists some relation-
ship between the independencies and accuracies of weak hy-
potheses. In fact, a corollary can be presented to describe
this relationship in a mathematical way. This corollary does
not depend on Assumption 1.

Corollary 4 For 1 ≤ t ≤ T , c(ht, D1) − ct =
t−1∑
i=1

ρ(hi, ht, Di+1)(2ci − 1)
√

V ar(ϕt, Di+1).

The proof of Corollary 4 relies on the definition of recur-
sion (8) and the definition of correlation coefficient (6), we
omit the proof here. From this corollary it can be seen that, if
ci > 1

2 for 1 ≤ i ≤ T , the value of c(ht, D1)−ct is seriously
influenced by the signs of ρ(hi, ht, Di+1). If all hypotheses
are mutually independent, ρ(hi, ht, Di+1) is always equal to
0, which means that c(ht, D1) = ct. This is coincident with
the conclusion of Corollary 3. However, if these hypothe-
ses have an inclination to negative correlations, the lifted
accuracy c(ht, D1) is very likely to be lower than ct, this
explains the phenomenon observed on C4.5 weak learners.
On the other hand, positive correlations may strengthen the
weak hypotheses on D1, as it is observed on the Naive Bayes
weak learner when the pima dataset is trained. Nevertheless,
we can not conclude that positive correlations are beneficial.
Actually, if a group of weak hypotheses are positive cor-
related, it means that there exist some similarities among
these hypotheses, and these similarities will cause the in-
efficiency of the boosting algorithm. For instance, “bag-
ging”(Breiman, 1994) is a typical algorithm that generates
positive correlated hypotheses. (Freund & Schapire, 1996)

showed that bagging performs significantly and uniformly
worse than Adaboost.

In summery, Corollary 4 shows that both of the positive
correlations and negative correlations bring some bad effects
to the boosting process, so keeping independency is a sen-
sible strategy. Therefore, we can measure the efficiency of
a boosting algorithm on weak learners or datasets by mea-
suring the independency of generated weak hypotheses, this
method is instructive for the design and analysis of boosting
algorithms.

5 Conclusions and Open Problems
In this paper, we proposed a new way to design boosting al-
gorithms. We divide a boosting algorithm into an extractor
and a combiner. Our target is to extract a sequence of high-
accuracy weak rules which are mutually independent on the
original distribution, then merge theses hypotheses into a
strong classifier. We found that an assumption is needed to
get a practical boosting algorithm, this assumption is called
the independency assumption. Our algorithm is composed
of a naive extractor and a naive combiner, derived from the
naive version of independency assumption in Section 3. We
point out that this algorithm is equivalent to AdaBoost ex-
actly. In other words, we give an explanation to the mecha-
nism of AdaBoost. Experiments are arranged in Section 4 to
test the independencies and accuracies of weak rules gener-
ated by AdaBoost on three weak learners, which verify the
adaptability of the independency assumption indirectly. Re-
sults on these experiments can also be used as criterions to
evaluate whether a weak learner can be improved efficiently
by boosting algorithms.

This paper represents the first work that systematically in-
troduced the concept of independency into boosting, so there
are many open problems remained. Experiments in Section
4 show that the accuracies on original distributions are weak-
ened for AdaBoost when using C4.5 as the weak learner. It
is promising to solve this problem by using a more complex
version of independency assumption and derive an improved
version of AdaBoost from this new assumption. The inde-
pendency assumption for two-class problems may also be
generalized into multi-class or continuous-valued versions
to design boosting algorithms that can be applied to these
cases. The statistical method to estimate the error rate of
final classifiers may also worth some more research.
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